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systems representable in Brunovsky canonical form, accommodating arbitrary-order dynamics
in multi-dimensional spaces. The central contribution is a method of constraint tightening that
formally couples robust error feedback with nominal trajectory planning. The key insight is
that the design of an ancillary feedback law, which confines state errors to a robust positively
invariant (RPI) tube, simultaneously provides the exact information needed to ensure the safety
of the nominal plan. Specifically, the geometry of the resulting RPI tube is leveraged via
its support function to derive state-dependent safety margins. These margins are then used
to systematically tighten the high relative-degree exponential control barrier function (eCBF)
constraints imposed on the nominal planner. This integrated synthesis guarantees that any
nominal trajectory satisfying the tightened constraints corresponds to a provably safe trajectory
for the true, disturbed system. We demonstrate the practical utility of this formal synthesis
method by implementing the planner within a distributed Model Predictive Control (MPC)
scheme, which optimizes performance while inheriting the robust safety guarantees.

1. Introduction

To operate successfully in applications like vehicle convoys and aerial swarms, multi-agent systems (MAS) must satisfy strict
coordination and safety requirements [1]. This challenge becomes more severe for systems with high relative degrees, where
chains of integrators between the control input and safety output slow the effective response and increase collision risk in safety-
critical settings [2,3]. Model Predictive Control (MPC) provides a powerful framework for constrained control by optimizing over
predicted future trajectories [4], while higher-order and exponential control barrier functions (HOCBFs and eCBFs) enable systematic
enforcement of safety constraints in systems with complex, high-relative-degree dynamics [2,5-8]. However, guaranteeing robust
safety for MAS under model uncertainty and bounded disturbances remains challenging, particularly when these advanced CBF
techniques are deployed in distributed MPC architectures.

This work introduces a robust safety framework for leader—follower formation control in continuous-time, nonlinear multi-
agent systems subject to bounded matched disturbances. The central contribution is a method that formally couples robust error
feedback with nominal trajectory planning to enforce safety specifications. Our approach complements existing distributed MPC-
HOCBEF integrations [9], whose safety analysis is often confined to nominal, disturbance-free models, and extends beyond other
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distributed controllers for multi-agent systems that are either reactive and lack the foresight of a prediction horizon [10,11] or, when
predictive, do not address robustness for high-relative-degree dynamics [12]. By integrating tube-based robust constructions [13]
with techniques for high-order constraints [6,14], the proposed framework provides a unified setting that combines predictive
planning, robustness to bounded disturbances, and applicability to high-relative-degree multi-agent systems.

Safety-constrained control is often formulated either via barrier Lyapunov functions (BLFs), which enforce constraints through
Lyapunov-like functions that diverge at the boundary, e.g., [15,16], or via control barrier functions (CBFs), which encode forward
invariance as affine-in-control inequalities that integrate naturally with optimization-based controllers such as QP filters and MPC.
In this work, we adopt high-relative-degree CBF variants (HOCBF/eCBF) for this tractability and focus on robustness by converting
tube-bounded tracking errors into systematic tightenings of the eCBF constraints, so that nominal planning implies safety for the true
disturbed system. This perspective is related to robust CBF ideas such as the “tube-CBF” construction of Schilliger et al. [17], as well
as to single-agent plan-track and safety-filter frameworks including FaSTrack [18], safety filters [19], and funnel libraries [20]. For
multi-agent systems, by contrast, the dominant safety constraints are mutual collision-avoidance conditions of the form ; (X, x;) 20,
which couple agents’ states and disturbance tubes and cannot be enforced by applying independent copies of a single-agent tube,
funnel, or safety filter to each agent. Extending these ideas to multi-agent settings is therefore nontrivial, and robustness must be
propagated through joint constraints involving multiple agents’ uncertainty sets; our key contribution is a support-function-based
tightening that aggregates per-agent tubes into explicit scalar safety margins for pairwise constraints, enabling distributed MPC
feasibility to imply robust safety for continuous-time nonlinear multi-agent systems with high-relative-degree safety outputs.

We propose a control synthesis framework that couples ancillary robust feedback with nominal planning. Each agent uses a
local feedback law to confine nominal-true deviations within a precomputed RPI tube, and the tube geometry is then used to
systematically tighten the eCBF constraints enforced on the nominal trajectories, so that nominal feasibility implies safety of the
true disturbed system. We embed these tightened eCBF constraints in a distributed MPC formulation, where the prediction horizon
enables proactive collision/obstacle avoidance and yields a tractable local optimization with end-to-end guarantees of robust safety
and recursive feasibility.

The remainder of the paper is organized as follows: Section 2 introduces the dynamics, nominal model, RPI tubes, and
support-function-based eCBF tightening; Section 3 presents the DMPC formulation with tightened eCBF constraints under a fixed
communication topology; Section 4 provides a numerical validation; and Section 5 concludes with contributions and future
directions.

2. Problem formulation and methodology

We consider a system composed of N follower agents indexed by i € ¥V = {1,..., N} and a leader agent indexed by 0. The
dynamics of the ith follower agent is described by the nth order nonlinear Brunovsky form as:
xp=xl p=1...n-1
¢) =i n+ut +wl, w'(t) € D;. @

where x; € R? is the pth component of the state of agent i with dimension d, «' € R? is its input, and w' € R is a bounded
time-varying disturbance for agent i. The dynamics of the leader agent is given as:

xf:x£+l, p=1,..,n-1,
50 = 000, @

To manage the disturbance w/(r) in (1), our strategy is to design the high-level planner for a simplified nominal system and
use a local feedback controller to confine the resulting error dynamics within a robust positively invariant (RPI) tube [21,22]. We
therefore define a nominal trajectory (x',') for (1) and its corresponding nominal system as

f=x . p=1lin—1,

x, = f'&n+a’, 3)
with %/ :=[x[;...; X/], and define the nominal error as z;; = x; - X[’;, p=1,...,n, which is equivalent to defining z’ := x’ — X/ =
[z{; ...:z)]] € R™. The nominal error dynamics is therefore

2}]=z‘p+l (p=1,...,n=1),

2= A R )+ -+ W, C)
where Afi(z/, %', t) 1= fi(x' + z/,1) — fi(x, ). Defining

0 I, =~ 0 0
A=l g 5
010 0 - Iy 0 )
0 0 0 1,
we write the error dynamics (4) as
= Az + GNAf T+ W )+ w'). (6)
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2.1. State based ancillary feedback:

Given the error z = x’ — %/, the ancillary tube feedback is designed as
n
i i T R
u'=1i Zszp_” K'z, @
p=1
where K! € R% are constant ancillary gains (chosen to stabilize the chain of integrators) and K' is the corresponding matrix
representation of the gains. Substituting (7) into (6) gives
2l = Al ' + G4+ w'), (€))

where A} := Aj—G'K’, by construction (5), is a constant matrix. The gains K must be picked so that A} is Hurwitz. This can be
achieved noting that for any Q; > 0, the continuous-time Lyapunov equation is:

(ADTP+PAL =-0,, P >0. 9)

2.2. Robust Positive Invariant (RPI) tube construction:

Definition 2.1 (Robust Positive Invariance (RPI)). A set Z; C R" is said to be robustly positively invariant if, for all z/(z)) € Z; and
any w/(t) € D,, the condition z/(r) € Z; holds for all t > 7, [23]. []

Lemma 2.1 (RPI Ellipsoid). Let ||wi(t)|| < w; for all t > t, and that Q; and the corresponding P; in (9) are such that, ;/1"““—(?‘)[;)) > Lgi. Then
the per-agent ellipsoidal tube e
Zi={z": "Rz <p?} (10)
is robust positively invariant for all p; satisfying
p; > Zu_}i}'max(Pi)
"7 Amin(Q9) = 2L i Aoy (P)’

where L is an upper bound on the Lipschitz constant of f' on a neighborhood of %' containing the Z; variation set. []

Proof. For the Lyapunov function V;(z') := ||z’||§,i = (z)TPz', we have

d i d i

Vo) = - ()T Pz)

— ZiTPizi + (zi)TPiz-i — 2(Zi)TP,~ 4

@ oz TRALZ +2() PG Af 42z PG w!

=) (PAL+ (A P)z +2(z)T PG Af' +2(z") PG w'

Y () 0,7 +2(z) PG Af +2(z) PGw. an

The Rayleigh-quotient bound on Q; is written as

- (7012 < =Anin(@IIZ']? 12
Also, by the Cauchy-Schwarz inequality

20T RGAS <202 - IR IG AL < 2L pi Amax (PIIZ' 11, (13)
and, similarly,

2T PG W <202 - IB - 1G AW || < 200; Aax (PN Z' ]I a4
Employing (12), (13) and (14), we obtain from (11) that

d . . B .

EVi(Zl) < _(/‘lmin(Qi) - 2Lf’ lmax(Pi)) ”Zl ”2 + Zwi/lmax(Pi)”ZI ” (15)

For the set Z; to be positively invariant, its is required that %Vi(z" ) < 0 for any state z' on the boundary dZ; of the tube, which is
identified by V;(z') = p?. This requires that

~(Amin(@) = 2L i A (P)) 9} + 200; Ay (P)p; < 0. (16)
it suffices that
p; > 21'(_)i’1m21)((l:lz')
}‘min(Qi) - 2Lfi }'max(Pi)
We remark that the tube radius p; depends on a local Lipschitz constant L, of f’ over a compact region containing the tube

Z;, and this constant in turn depends on the size of that region. In practice, one can start from a conservative upper bound on L /i,
compute the resulting tube Z; and radius p;, and then iteratively refine L ;; and p; over the compact operating region thus obtained.

| a7
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2.3. Tightened safety and support functions

To enforce safety for the true state x’ while optimizing over the nominal state X', we derive a tighten term using the per-agent RPI
tubes Zi from Lemma 2.1. This is accomplished by employing the support function of the ellipsoidal tube [24,25], which calculates
the maximum extent of the tube in a specified direction and projects the RPI tube onto the gradient of the eCBF, converting the
set of possible disturbances into a single scalar representing the worst-case deviation along the most critical direction. This scalar
offset is later used in Section 3 to tighten the nominal eCBF inequality, ensuring that even under worst-case disturbance, the true
state remains safe.

Assumption 2.1. For each pair (i, j) € Y x V and each obstacle O € O, there exist scalar safety functions h;; : R7d x R4 5 R
and h;p : R™ — R that encode safety via h;;(x',x/) > 0 and h;(x') > 0. We assume h;; and h;, are convex and continuously
differentiable in their arguments. []

To facilitate the discussion, the control-affine dynamics of agent i from (1) is written
i = F.(X')+ Fu' + F u' (18)

where F,(x') = [x;T e i DT ]T, F,=[0 - 0 I1,F, =0 - 0 I 1]'. Accordingly, the nominal
control-affine dynamics of agent i from (3) is written

¥ =F&)+Fi (19)
Given a scalar function 4, : R" — R, the rth order Lie derivatives of s, along F, are defined recursively as:
LY h, = h,
LlFxh, :=Vh]F,,
Ly ho:=V(L h)TF, r22.
Similarly, the Lie derivatives of 4, along F, is defined as:

Ly h, :=Vh]F,.

Definition 2.2 (Relative Degree r). The relative degree r of the function A, with respect to the input whenever Ly L{p h = 0 for
j=1..,r=2and Ly L''h #0 [2]. O

Definition 2.3 (eCBF [26, Definition 5.1]). For the system (18), and the safety set
C = { (xl, X ,xN) e RNmd .
Ry, xl) > 0, (i, j) € V2,
hio(x") >0, Y(i,0) € VX0, } (20)

the functions h,-j(x’ ,x/) (similarly h;o(x')) are exponential control barrier functions (eCBF) of relative degree r, if there exist
K7 e R st
h .t.,

inf. (L5 iy + L, L g+ Kl ) > 0, @1

.
with 1, (0,5 0) = [y L g Ly | for all ) €2 and (oo, o0, €C, and

iy (0, X0 (1) = Cy e iy (e (1), %7 (1) 2 0, (22)

whenever h;;(x'(ty), x/ (ty)) > 0, where the matrix Azj depends on the choice of K;j ,and C, =[1,0,...,0].

Definition 2.4 (Tightened Safety Function). Given the decomposition x’ = X' +z', x/ = x/+z/ withz' € Z;, z/ € Z;, and 2/ = 2/ -2/,
we define the inter-agent tightened safety function as the worst-case value (infimum) considering all possible errors in relative tube
Z;; = Z; ®(-Z;) in the form of (illustrated in Fig. 1)

AU (% %7) i= inf hy(xl,x0)
2 VeZ;;
= inf h(x'+z.%+2), (23)
ZVeZ;;
which occurs at the tube configuration where inter-agent i—j and agent-obstacle i—O are close to violating safety. Similarly, for i-O,

W) = infLic hio(® +2). O
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Definition 2.5 (Support Function of RPI Tubes). The support function of Z; is defined [27] as

oz,(g) == sup gz, g €ER, (24)
zleZ;

which expresses how far Z; can grow in the direction g; as measured by the projection giTzi . O
Remark 2.1. For the relative tubes Z;; = Z; @ (-Z;) in Definition 2.4, it follows from Definition 2.5 that "Z,»,»([gi;gj]) =
oz,(8)+ O-Zj(gj)'
Lemma 2.2. Under Assumption 2.1 and the assumptions of Lemmas 2.1,
hij(x' x7) 2 hy (1. 37) = 07 (8) = 07,(8)). (25)
hio(x) = hip(x) = 07 (8i0)- (26)

with g; := Vuh (X, %)), g; 1= Vi h (3, %) and g, = Vzihio(x). O

Proof. Since the sets (Z;, Z;) are closed, convex, and origin-symmetric, we have the dualities [28, Section 2]

Def. origin
25

. T, i T i sym-
inf g z'=—sup(—g)'z' = —07,(=8) = —07,(8) 27
Z'eZ; Zez;

By the supporting-hyperplane property for convex 4,; [27, Equation 3.2], we can write the first-order global lower bound as
hy (& + 2,5+ 2) 2 by (2, %) + Vi &L 5T [2,2]
> hy (&%) + Vah (%) 2 + Vg hy (3, %) 2/
> h (%, %))+ irzlif Vah (&, x)T2 + i?jf Vehy &, 2"z

Z%hij(fi,’_‘j)_oz,(gi)_O'Zj(gj)' (28)

for g; 1= Vyih;(&',%)),g; 1= Vyh;;(x', %/). Similar arguments are used to obtain (26) for h;p(x'). MW

Lemma 2.3 (Support Function - Tubes). The support function of the RPI tube Z; := {z' : (z))TPz' < p?}, with p; and P, > O satisfying
the Lyapunov Eq. (9) as in Lemma 2.1, is

oz(g) = piy/ & Ple. O (29)

Proof. Applying Definition 2.5 to the tube Z;, we have
Gzi(g,-) = mzziix giTzi s.t. (zi)Ti’,-z" < /’1'2

Defining the Lagrangian
L@ =gz - A(E@TPZ -, A20.

and seeking its critical points, we obtain

L i i 1 -

S =& 2RI=0 = @ =F ‘g,

oL . .

= =0 = (@IRE" =0
Therefore,

1P—1 TP 1P—1 _ 1 Tpl, — 2

2200 8 iﬁ,—gf—mg,-,»gi—ﬂ,w

which establishes that 4 = ZL \/ & P7'g; as well as (z)* = LPl.‘lg,-, thus giving the support function
Pi Tp-1
g; P, 8i

; 1 -
oz (g) =g )" =g,~T(aP,~ lgf) =p\/e'Ple. A
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® Actual trajectory
® Nominal trajectory
O RPI tube Z;

O Obstacle
- - Safety boundary
Tightened boundary

Fig. 1. Geometric illustration of tube-based tightening for agent-obstacle avoidance in 2D. The nominal state x'(¢) is surrounded by an RPI tube
Z; and x'(t). The control barrier function boundary h,, (black dashed) is tightened by the worst-case decrease of h,, under tube deviations,
bounded by 6,,(X') = 0, (Vs hyo)- Enforcing h;o(X') 2 6,0(X') (equivalently h,, — 6,5 2 0, orange dashed) guarantees 4,,(x’) > 0 for all admissible
tube realizations. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

3. Main result

Building upon the methodology presented in Section 2, we now detail the tube-MPC with tightened eCBF framework that
performs optimization on the nominal trajectories. We enforce the tightened eCBF inequalities by replacing hf}ght(-) and h?ght(-)
for the zero-order term xh;;(-), while keeping all higher-order Lie derivatives evaluated on A;;(-).

Following the standard eCBF methodology [2], we construct exponential control barrier functions @;; and @,, from h;;(%', %)
and h;o (%),

r—1

@y (x',x) ') = L by x) + D g Ly (X)) 4+ Ly L (Dl (30)
q=0
r—1
Dio(x' ') 1= Ly hio()+ ) K Ly, hio() + Ly, L hio(x . (31)
=0

3.1. Proposed tightened eCBF functions

We propose the following tightened exponential control barrier functions (tight-eCBF) using the standard eCBF (30)—(31),
to impose on the nominal trajectories of agents while ensuring safety of the actual trajectories which are subject to unknown
disturbances w' and corresponding errors z' as

r—1

ieht /i i o o _ o o o
dii;.g t()c’,xf,u’) = L;Xh,-j(x’,x/) + Z KqL‘;.Xh,-j(x’,x’) + (LFML’Fxlh,-j(x’,x/))u' + Ko(h,-j(x’,x’) - 5ij(x',xf)), (32)
=1
oh r—1 e
o B (x.d) = L}, hio(x) + D kL. hio(x) + (Lp, L5 hio())id' + i (hio(x) = 8:0(=)), (33)
q=1

where k;, ..., k,_; > 0 are eCBF gains for a relative-degree-r safety function, and where we use notations 5;;(x',%/) := oz,(8)+
oz,(8) = pi inhij(xi,ffj)”}ﬂ +p; ’
The following theorem establishes conditions for forward invariance of the true states set C.

Vo hy(&,5)]|, ., together with 6,0(+") = 02, (8:0) = p; [Vt hio (&', )| -1

Theorem 3.1 (Forward Invariance of Set). Let r > 1 be the relative degree of the eCBF h;;(-,-) and h;o(-) as in Definition 2.2. Let the
nominal input processes (', ...,#") and the corresponding nominal trajectories (%!, ..., %), satisfy the inequalities stght()’c" %) =0
and <D?ght(>‘c" ,i') > 0 for the tightened safety functions (32) and (33), for some positive gains ky, ...,k,_; so the polynomial p(s) =
"+ Koy s e ks + kg = [T, (5 + ) is Hurwitz (ie., ¢, > 0 for all ).

Suppose that at the initial time 1, the safety constraints h;;(x'(1), x/ (t))) = 0, hjp(x'(t)) > 0, together with L’;X Ry (xH (1), X/ (t9)) = 0,
L’;Xh,-o(x"(to),xf (to)) = 0, k € {1,...,r} are satisfied, and the initial error is within the safety tube, ie., z'(t,) € Z;. Then, under the

6
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Assumptions of Lemmas 2.1-2.3,
B ("0, x7 (1) 20,  hip(x'(1) 20, (34)

for all t > t,, i.e., the collision-avoidance and obstacle-avoidance set (20) for the state of all agents are forward invariant. []

Proof. By Lemma 2.2, we obtain from (25) that
Ry xT) > Ry (R R = 6= 7).
where the support function (29), provided in Lemma 2.3, are bounded by

_ —-1/2
62, =pi\/gTP g < pllPT gl

for g := Vih;;(x', /). Therefore, for all 1 > 1,

8y E W, W) = 07, (Vah) + 0z (Vuhy) < pll BG4 p | PTG (35)

=4y

where G"* and G;.“"“‘ are some finite bounds on the gradients of 4;; with respect to x' and %, i.e.,
IV5ihyy (2, %) < G, Vs (2, %)) < G;nax

which exist because h;; is continuously differentiable under Assumption 2.1, and %' and %' are bounded reference trajectories. Hence
5,;(x. %) < Ay Vi,

Accordingly, we obtain the bound on the tight-eCBF (32) as
r—1
@f}ght(x", M) = L by (%) + Y g L (&%) + (L, L iy (8,59 + g (hyy(2, %) = 6, 30))
r—1 -
> Ly hy(&, %) + ) kg LY bR %) + (L, L hyy (3, 59)) i+ g (R (8, 27) = 4). (36)
Therefore, defining the auxiliaqr=yl eCBF as h;; :=h;; — 4,
t > t,, which subsequently establishes that the positivity of @

and invoking [2, Theorem 2] we deduce that ﬁg‘)()‘c" ), %/ (1)) > 0 for all
fght i1 (36) yields

ij

hy(R, %) > 4y, Vi > 1. (37

Substituting (37) into (25) from Lemma 2.2, gives
hy (X0, x (1)) > by (&%) = 8, %) > A — 6%, %) >0, Vi (38)

Repeating similar steps for the obstacle safety functions ;,, establishes that 4;,(x’) > 0 for all O € ;. In other words, the true local
safety set C defined in (20) is forward invariant, i.e.,

X ec

forallr>7. W
3.2. Distributed tube-MPC eCBF formation framework

Having established that the enforcement of the proposed tightened safety functions (32) and (33) on nominal trajectories of the
agents ensures that the actual trajectories of the system are safe, we now present a Distributed Tube-MPC with eCBF which generates
the nominal trajectories.

To avoid requiring all-to-all communication, reduce computational load at agent level, and enable distributed control policies,
we consider a communication graph G = (V, &, A) with the node set ¥ = {1,..., N}, edge set £ C V x ¥, and weighted adjacency
matrix A = [q;;] € RN, where

‘ {w,., if (j.i) € €,
a;; 1=

0 otherwise,

where w;; > 0 for all (j,i) € €. For the special case of undirected graphs, A is symmetric and w;; = w;;. We define the neighboring
agents set N; :={j €V :1q;>0).

To enable decentralized communication while avoiding unsafe loss of information in safety-critical situations, we impose the
following information architecture.

Assumption 3.1. The communication weights has the property that, if ||5<"l —x{ I < ¢ for some position proximity threshold ¢ € R,
then q; ;#0..0
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Fig. 2. The considered communication topology G and the augmented graph G for the example in Section 4.

The threshold ¢, specified as part of the problem setting, is chosen in practice to be no smaller than the safety distance plus
the tube-induced safety margins, ensuring that any agents that may approach the safety boundary can exchange the information
required for safety enforcement.
and the Laplacian is L := D — A.

The in-degree matrix is denoted by D = diag{d;} and defined via d; = Zsz | Gijs

The leader’s interaction matrix is defined as B, = diag{b,;} € RV*N with

o if (0,i) €€,
by 1= Yio ©.5 ) w;y > 0.
0 otherwise,

We introduce a leader node 0 and the augmented graph ¢ = (¥, £) with ¥ = {0,1, ..., N}. The augmented Laplacian used in leader—
follower formation control is defined as L := L + By. In order to ensure that no clusters of agents are isolated from the leader,
we impose the following assumption.

Assumption 3.2. The augmented graph ¢ contains a spanning tree with the leader as the root, i.e., for every agent i there exists a
(directed) path in G from the leader node v, to v;. In other words, whenever (v;, vy) € &, there exists a sequence of nonzero elements

of A of the form a,.4a ..,a for some (i’,0) € &€, with the sequence length / being a finite integer. []

> Cigiyo - ip_yi’

To accommodate tracking with offsets and ensure coordinated movement while maintaining formation, we denote by y’ € R¢
and y/l? € R? desired state offset (formation geometry) from the leader or other agents. As presented in [15] for the distribution of
policies, we define the local weighted stability error of each agent i as

n N n

= 3 Y A [(x; — ) - (- w;')] =2 Y Aybig [(x; —w)) = () -l (39)
p=1j=1 p=1

with arbitrary positive constants v;,v, > 0, and design parameters Ay jo=L,n—1 with the restriction that the associated

characteristic polynomial s"~! + 4,_;s""2 + --- + 4, is Hurwitz.

Using Theorem 3.1, we pose a DMPC problem with tightened eCBF constraints, solved via continuous-time transcription (multiple
shooting with RK4). At each sampling time 7,, we optimize the nominal sequence (¥', @) over horizon H with step T,, enforce the
tightened eCBF inequalities on %/, and apply the tube feedback to the plant. For a given H € N, we minimize the objective subject
to(3) for k=0,...,H —1:

H-1

min 3 (I, + N %+ 14z %, ) + 17, 13 (40)

(@l k=0 ' '

s.t.
Xipr = Prxa (% 0 ) (41)
X=X, (42)
(%.4) € (¥ 0Z)%x(U;6K'Z), (43)
o (51, 5], i) > 0, V(. ) € €, (44)
@B (51, ) 20, ¥(i,0) € O, (45)
X eX, (46)



A. Koulong and A. Pakniyat Nonlinear Analysis: Hybrid Systems 61 (2026) 101717

3D trajectories of leader, followers, and obstacles

30
—|_cader
25 Follower 1
Follower 2
20 Follower 3
= e FollOWer 4
z 154 Follower 5
A Obs1 Phys
10 4 Obs1 Infl
Obs2 Phys
5 Obs2 Infl
0
-10 10

(a) Leader and Follower Agents [x| ,x! ,,1].

Minimum Safety Clearances

min safety distance follower-follower
min safety distance follower-leader

5 min safety distance follower-obstacle
= = = Safety boundary

Clearance / distance

t[s]
(b) Leader and Follower Agents [Xil,l‘xil,z]'

Fig. 3. The corresponding evolution of the positional states x! & R?, for the leader i = 0, and follower agents i € {1,2,...,5} with respect to
obstacles.

where AIZ;( = 12;'( - ‘_‘2—1’ (Q,, P, R, Ry) > 0 are weighting matrices, and d)s.ght, @fioght are defined in (32) and (33), respectively. The
terminal safe set is defined as

X :={ X EeX st

tight /_; i .
o8 (%'.@,) 20, V(i,0) € O*

tight /i _j i . PR
@ij (x’f,xjf,u’f) >0,Vje N',-,Elu’f ey, 47)

The satisfaction of the constraints within the MPC optimization—particularly the tightened eCBF conditions (44) and (45) and
the terminal constraint (46) —provides a recursively feasible nominal control inputs. By virtue of Theorem 3.1, implementing this
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policy using the composite control law (7) guarantees the forward invariance of the safe set for the true system dynamics, preventing
collisions despite external disturbances.

4. Numerical example

We validate the framework on a 2D leader—follower formation with one leader and N = 5 followers, each modeled as a third-order
n = 3 nonlinear integrator-chain system with bounded disturbances. Simulations run for 30 s with T, = 0.1 s (300 steps) and DMPC
horizon H = 5. Two circular obstacles are placed at [1, 1] and [—1.5,0.5] with radii 0.50 and 0.65 (plus 0.15 inflation). Ancillary gains
are K, = —[15,4,15,8,6,8] (pole placement), formation offsets are y = [[-9;2], [-6;2],[0; 2], [6;2],[9; 2]], and eCBF gains are x, =
30, k; = 38, k, = 3. The leader starts at [3,0,0,0,0,0] and followers at [1.0, —0.5, zeros(1, 4)], [-0.8, 0.4, zeros(1,4)], [0.6,0.6,zeros(1,4)],
[-0.5,-0.7, zeros(1,4)], and [0.7,0.0, zeros(1,4)]. MPC weights are O, = 501},, P, = 10[;y, R = 0.011,, R,, = 0.0011,, with coupling
v = v, = 1 and stability parameters A; = 100, 4, = 50. Fig. 2 depicts the information-flow structure.

Agent X = xg’k, x’2k = xg‘k, k=1,2, with x’3k = f{(x') +u} +w! presented below:
FIGN ==5(x3, + 036x], + 084x]  + 0.15( )’ — 0.4sin (0.81),
Leader 360 ==5(x3, + 036x), + 0.84x3, 0.15(x),)° — 04 sin (0.87+ ’—2’)),

w)(1) = 0.20 5in(0.91), w1 =025 sin(1.11 = Z); u} =u) =0
FLGN = —ky(x} | +0.49x] |+ 112x) | +0.12(x] )’ = 0.25 tanh(0.6 x| ,)),
Agent 1 [y = =kl(x}, +0.49x] , + 1.12x) ) +0.12(x] ) = 0.25 tanh(0.6 x] ),
w}(t) = 0.20 sin(0.91), wj(t) = 0.15 sin(1.17 + 2)-
F1O5) = —kg(x3, +0.36x] | +0.84 x5 +0.18(x7 )’ —0.15 (x7,)” tanh(x7 ),
Agent 2 [3G%) = —ky(x3, +0.36 X7, +0.84 X3, +0.18 (x7,)° = 0.15 (x7 )* tanh(x7 ,)),
wi(t) = 0.18 sin(1.1¢+0.3), wa(t) = 0.18 sin(0.87 — %)
f1(%) = =ky(x3 ; +0.25 tanh(x] ) +0.9 tanh(x; ) — 0.20 5in(0.71)),
Agent 3 f36%) = —k)(x3 , +0.25 tanh(x] ,) + 0.9 tanh(x; ,) = 0.20 sin(0.97 + 3)),
w)(1) = 0.18 sin(1.17+ 0.3), w)(1) = 0.18 sin(0.87 - £).
4, 4 40 4 4 4 4 4 \3
i = _ka(x3,1 +0.4225 X[+ 0.975 Xy + 0.08 (xl’l + X],z) ),

4, 4 40 4 4 4 4 4 \3
Agent 4 F36M = —kj(x5, + 04225 X1, 40975 x5, - 0.08 (x], —x1,)7),
wi(t) = 0.12 sin(0.61), wiy(r) = 0.12sin(0.6¢ + )
[10) = —ky(x3, +0.3025x7 | +0.88 x5, +0.15(x7 )’ — 0.20 tanh(0.5x7 ),
Agent 5 [3() = =k(x3, +0.3025x7, +0.88 x5, +0.15(x7,)* = 0.20 tanh(0.5x7 ,)),
w) (1) = 022 5in(0.91 + £ ), w3 (1) = 0.20 sin(1.01).

Analysis

The simulation results demonstrate the core promise of the proposed framework: the synthesis of controllers that ensure safe,
coordinated multi-agent motion in the presence of disturbances and obstacles.

Fig. 3 shows that the leader and followers remain outside the obstacle regions while evolving along bounded trajectories
over time. The 3D plot indicates that the followers maneuver around the obstacles rather than cutting through them, while still
maintaining coherent motion relative to the leader. Fig. 3(b) confirms the safety result quantitatively: the minimum follower-
follower, follower-leader, and follower-obstacle clearances all remain strictly above the zero safety boundary throughout the
simulation. This indicates that no collisions or obstacle penetrations occur, and that the safety constraints remain effective over
the full trajectory.

Fig. 4 shows that the followers remain bounded and progressively align with the moving leader after the initial transient. The
position plots indicate that the group recovers a coherent leader-relative formation, while the error plots show that the largest
transients occur early and then contract to small, bounded residuals, with the y-axis errors tightening more uniformly than the
x-axis errors. This indicates stable behavior: agents hold their prescribed offsets and preserve obstacle clearance using an affine,
solver-friendly eCBF constraint within the MPC solver.

5. Conclusion

This paper presented a robust safety framework for high-order nonlinear multi-agent systems under bounded disturbances,
integrating tube-based error feedback with eCBF-constrained DMPC. The central technical contribution is a support-function-based
tightening that converts per-agent RPI tubes into explicit scalar safety margins for pairwise and agent-obstacle eCBF constraints, so

that nominal feasibility of the distributed planner implies forward invariance of the safety sets for the true disturbed trajectories.
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Position vs time
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Fig. 4. Relative [xi1 1”‘: ,1 state Error between Agents and Leader in y-direction.
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Crucially, the tightened constraints remain affine in the control input, preserving the tractability of the resulting distributed quadratic
programs; simulations confirm safe formation navigation in obstacle-rich environments under persistent disturbances with bounded
formation error. Future work includes extending the framework to time-varying and delayed communication topologies, reducing
conservatism via online data-driven tube adaptation, and incorporating higher-level task planning for fully autonomous multi-agent
deployment.
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