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Abstract—The paper combines two major contemporary
systems and control methodologies to obtain a unique ¢-Nash
equilibrium for optimal execution problems within the stock
market, namely Mean Field Game (MFG) theory and Hybrid
Optimal Control (HOC) theory. Following standard financial
models, the stock market is studied in this paper as a large pop-
ulation non-cooperative game where each trader has stochastic
linear dynamics with quadratic costs. We consider the case
where there exists one major trader with significant influence
on market movements together with a large number of minor
traders (within two subpopulations), each with individually
asymptotically negligible effect on the market. The traders are
coupled in their dynamics and cost functions by the market’s
average trading rate (a component of the system mean field)
and the hybrid feature enters via the indexing of the cessation
of trading by one or both subpopulations of minor traders by
discrete states. Optimal stopping time strategies together with
best response trading policies for all traders are established
with respect to their individual cost criteria by an application
of LQG HOC theory.

I. INTRODUCTION

Mean Field Game (MFG) systems theory establishes the
existence of approximate Nash equilibria together with the
corresponding individual strategies for stochastic dynamical
systems in games involving a large number of agents. The
equilibria are termed e-Nash equilibria and are generated by
the local, limited information feedback control actions of
each agent in the population, where the feedback control
actions constitute the best response of each agent with respect
to the precomputed behaviour of the mass of agents and
where the approximation error converges to zero as the
population size goes to infinity.

The analysis of this set of problems originated in [1]-[3]
(see [4]), and independently in [5], [6]. In [7] and [8] the
authors analyse and solve the linear quadratic systems case
where there is a major agent (i.e. non-asymptotically vanish-
ing as the population size goes to infinity) together with a
population of minor agents (i.e. individually asymptotically
negligible). The existence of e-Nash equilibria is established
together with the individual agents’ control laws that yield
the equilibria [8]. The partially observed MFG theory for
nonlinear and linear quadratic systems with major and minor
agents has been developed in [9]-[15].

The notion of Hybrid Systems (HS) is used to describe
control systems for which (i) the state has continuous and
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discrete components and (ii) the continuous component of
the state evolves in ‘“continuous time” and the discrete
component evolves in “discrete time”. While the optimal
control of deterministic hybrid systems has been extensively
studied in the literature (see e.g. [16]-[27]), the optimal
control of stochastic hybrid systems, i.e. control systems
that involve the interaction of continuous dynamics, discrete
dynamics and stochastic diffusions, has been the subject of
a limited number of studies [28]-[31]. In [30], in particular,
first order variational analysis is performed on the stochastic
hybrid optimal control problem via the needle variation
methodology and the necessary optimality conditions are
established in the form of the Stochastic Hybrid Minimum
Principle (SHMP). The results are specialized in [31] to a
class of Linear Quadratic Gaussian Hybrid Optimal Control
Problems (LQG-HOCP) for which the Hamiltonian boundary
conditions are path-independent and therefore, the corre-
sponding stochastic Riccati equations are independent from
the realization of stochastic diffusion terms.

Optimal execution problems have been addressed in the
literature (see e.g. [32]-[36]) in which an agent must lig-
uidate or acquire a certain amount of shares over a pre-
specified time horizon while it balances the price impact
and the price uncertainty, and maximizes its final wealth.
This problem with the linear models in [32] was formulated
as for the nonlinear major minor (MM) MFG model in
[37], and partially observed MM LQG MFG theory was
first applied in [38], [39] for the case in which traders have
partial observations of the market states. In this paper, the
stock market consists of an institutional investor, interpreted
as the major agent, aims to liquidate a specific amount of
shares, and a large population high frequency traders (HFTs),
interpreted as minor agents, who wish to liquidate or acquire
a certain amount of shares within a specific time horizon. The
traders are coupled in their dynamics and cost functions by
the market’s average trading rate (a component of the system
mean field) and the hybrid feature enters via the indexing
of the cessation of trading by one or both subpopulations
of minor traders by discrete states. This work combines
two major contemporary systems and control techniques:
MFG theory and Hybrid Optimal Control (HOC) theory to
establish optimal stopping time strategies together with best
response trading policies for all agents with respect to their
individual cost criteria which yield a unique e-Nash equilibria
for the market.

We note major trader (respectively, minor trader), and
institutional trader (respectively, HFT) are used interchange-
ably in this paper.
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II. TRADING DYNAMICS OF AGENTS IN THE MARKET

As stated in the Introduction, the institutional investor
is considered as a major agent in the mean field model
of the market which liquidates its shares and the HFTs
are considered as minor agents, where two types of them
are considered: acquirers A, with the population of N,
and liquidators A; with the population of N;, such that
N, + Ny = N. All agents trade over the interval [0,77],
and minor agents are allowed to stop trading at an optimal
time 2 < T It will be shown in Section III that the optimal
stopping time policy for each agent is F;-independent, and
depends only on its dynamical parameters. In this paper,
for simplicity of exposition the dynamical parameters for
all minor traders in their respective type are the same, and
hence the stopping times are the same for all agents of each
population. Employing the trading model in [32], the trading
dynamics of the major agent and any generic minor agent
in the market are described by the linear time evolution of
the (i) inventories, (ii) trading rates and (iii) prices while the
bilinear cash process appears in the quadratic performance
function for each agent.

A. Inventory Dynamics

It is assumed that the institutional investor liquidates its
inventory of shares, Qo (t), by trading at a rate vo(t) during
the trading period [0, T]. Hence the major agent’s inventory
dynamics is given by

dQo(t) = vo(t)dt + ofdwl, 0<t<T,
where w(? is a Wiener process modeling the noise in the

inventory information that the institutional trader collects
from its branches in different locations; 083 is a positive
scalar and we assume that Qo(0) > 1. The same dynamical
model is adopted for the trading dynamics of a generic HFT

dQi(t) = vi(t)dt + 0@ dw?,

where for a minor acquirer trader A; € A,, 0 <t <%, and
correspondingly for a minor liquidator A; € A;, 0 <t < L.
The Wiener process wZQ models the HFT’s information noise,
O'ZQ is a positive scalar, v;(¢) is the agent’s rate of trading
which can be positive or negative depending on whether
the agent is acquirer or liquidator, respectively; Q;(t) is the
minor liquidator’s remaining shares at time ¢, or the shares
the minor acquirer has bought until time ¢. However, the
initial share stock of the HFTs, {Q;(0),1 < i < N, + N},
are not considered to be large, furthermore they are not
motivated to retain shares and are assumed to trade them
quickly.

We assume that the trading rate of the major agent is

controlled via wug(t) as
dvo(t) = up(t)dt, 0<t<T,

where the trading strategy uo(¢) can be seen to be the
trading acceleration of the major trader. Correspondingly,
u;(t) controls the trading rate of minor agent, A;, by

dv;(t) = u;(t)dt,

where again for a minor acquirer trader A; € A,, 0 <t <
t?, and correspondingly for a minor liquidator A; € A;,
0 <t < t., and u;(t) is the trading acceleration of the
minor acquirer or liquidator.

B. Price Dynamics

The trading rate of the major agent and the average trading
rate of the minor agents give rise to the fundamental asset
price which models the permanent effect of agents’ trading
rates on the market price. Further, each agent has a temporary
effect on the asset price which only persists during the action
of the trade and which determines the execution price, that
is to say the price at which each agent can trade.

1) Fundamental Asset Price: We model the dynamics of
the fundamental asset price, as seen from the major agent’s
viewpoint, by

dFy(t) = (Novo(t) + WNe(t))dt + odwf (t), 0 <t < T,

where N; is the number of minor agents trading at time
t, vNVi(t) = N% Zf\[:tl v;(t) is the average trading rate of
the minor agents trading at time ¢. The Wiener process
w'(t) models the aggregate effect of all traders in the
market which - unlike the major and minor agents Ag, A;,
- have no complete or partial observations on any of the
state variables appearing in the dynamical market model
(these are termed uninformed traders). Further, o denotes
the intensity of the market volatility and Ag, A > 0 denote
the strength of the linear permanent impact of the major
and minor agents’ trading on the fundamental asset price,
respectively. Similarly, we model the fundamental asset price
dynamics, as seen by a minor agent A;, by
dF;(t) = (Novo(t) + At (2))dt + odwy (1),

where 0 < ¢ < t¢, for A; € Ay, and 0 < ¢t < ¢, for A; €
A, vNe () = 5 SOt v, (t) is again the average trading rate
of the IV; minor agents trading at ¢, and the Wiener process,
w? (t), represents the mass effect of all uninformed traders
in the market. The time differences between agents in getting
data from fast changing limit order book make the Wiener
processes, wlF , 0 <19 < N, + N; independent.

2) Execution Price: The major agent’s execution price
So(t) evolution is assumed to be given by

dSO(t) = dFo(t) + aodyo(t), 0 S t § T, (1)

where ag > 0 is the temporary impact strength of the major
agent on fundamental asset price. Likewise, a minor agent’s
execution price, S;(t), is assumed to evolve by

dS;i(t) = dFy(t) + adv;(1), @)

where 0 < t < t2, for A; € Ag, and 0 < ¢t < ¢, for
A; € A;, and a models the temporary impact of a minor
agent’s trading on its execution price.

C. Cash Process

The cash processes for the major agent and a generic minor
agent, Zo(t), Z;(t), respectively, are given by

dZo(t) = —So(t)dQo(t), 0<t<T, 3)

for A; € A, 0 <t <t
AZi(0) = =S g A e, 0<t<d @
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where Zy(t), and Z;(t) for A; € A, are the cash obtained
through liquidation of shares, and Z;(t), for A; € A, is the
cash paid for acquisition of shares up to time ¢. We note
that the value of dQo(t) in a stock sale (respectively, buy) is
negative (respectively, positive) and hence for positive So(¢),
Zy(t) increases (respectively, decreases).

D. Performance Function

1) Major Liquidator: The objective for the major trader is
to liquidate Ny shares and maximize the cash it holds at the
end of the trading horizon, i.e. maximize Zy(7T), and if the
remaining inventory at the final time 7" is Qo (T"), it can liqui-
date it at a lower price than the market asset price reflected at
cost function by Qo (7T") (Fo(T)—aQo(T)). Further, the major
trader’s utility in minimizing the inventory over the period
[0, 7] is modeled by including the penalty ¢ fOT Q3(s)ds in
its objective function, and the utility of avoiding very high
execution prices, large trading intensities and large trading
accelerations by including the terms €S3(7T), fOT §S2(s)ds,
pra(T), fOT 0v3(s)ds and fOT Rou3(s)ds in the objective
function. Therefore, its cost function to be minimized is
given by

Jo(uo, u_g) = E[—TZO(T) —pQo(T) (Fo(T) - aQo(T))
T
T eS3(T) + BA(T) + / (6Q3(s) + 853(s)
+ 03 (s) + Rgug(s))ds} , 5

where r, p, «, €, 5, ¢, 6, 0, and Ry are positive scalars, and
u_g := (u1,us,...,uy) are trading strategies of the minor
traders. Note that for larger values of ¢ the trader attempts
to liquidate its inventory more quickly.

2) Minor Liquidator : In a similar way, the objective
function to be minimized for a liquidator HFT who wants to
liquidate A; shares over the interval [0, 7] with the stopping
time 0 < t. < T is given by

Jiluiui) = E[ =1 Z(t) = pi Qi) (FL(t) — i Qu(2h)

“

FGSHE) ) + [ (@2 +uSHe) + o (o)
0

+ Rluf(s))ds}, for A; € A, (6)

where 7y, p;, U1, &1, 1, Ki> Vi, 0p and Ry are positive scalars,
and U_j = (’Z,LO, ULy eoey Uj—1y g1 eeey UN) Note that M <
No.

3) Minor Acquirer: The objective for a minor acquirer
is to buy A shares during the trading horizon [0, T]. Given
that it stops trading at t¢ < T, it also wishes to minimize the
execution cost including the cash Z;(t%) paid up to time ¢,
and the cash must be paid at time ¢¢ to buy the remaining
shares at once at a higher price than the market’s asset
price, i.e. (N —Q;(t%)) (F;(t2) +va(N — Q;(t%)). It is also
intended to avoid high execution prices, large trading inten-
sities and large trading accelerations modeled by including

EaSP(E) Fuar? (t)+[y" (YaS? () F0ar? (s)+ Raud(s))ds
in its objective function

Jilui i) = E[pa(N=Qu(t2) (Fi(t) +a (N =Qu(t2))
10 Zi(t) 4+ EaST(tE) + pavi (12)+

¢
/ (kN — Qi(5))? + 752(s) + 0w (s)+
0
Rauf(s))ds}, Aie A, (D)

where fg? ka(N — Qi(s))?ds is to penalize the agent
for the remaining shares to be bought up to ¢¢ and to
expedite the acquisition. The parameters p,, ¥4, Ta» Eas
Las Kas Ya» Oa» and R, are positive scalars and u_; :=
(W05 ULy +eey Ui 15 Uiy 15 ey UN)-

III. HS-MFG FORMULATION OF THE OPTIMAL
EXECUTION PROBLEM

In this section we formulate the optimal execution problem
in the MM LQG MFG framework.

A. Discrete state association

In order to present the trading dynamics of the stock
market in the stochastic hybrid systems framework of [30],
[31], the discrete states q;, j = 0,1, 2 are introduced, which
correspond to the evolution of the market in the intervals
[tj,tjt1), where tg = 0 is the initial time, ¢; and ¢, denote
the stopping times of the first population and the second
population respectively, and 3 = T is the terminal time.

We remark that the HS-MFG problems studied in this
paper lie within the class of hybrid LQG problems in [31]
for which optimal switching strategies are J;-independent,
and therefore, optimal stopping strategies depend only on the
dynamical parameters of each population.

We associate the discrete state qq to the initial case where
both the liquidator and acquirer populations are trading
together with the major agent over the interval [0, 7).

The discrete state g corresponds to the interval [tq,2)
for which two situations can be considered: (i) the liquidator
population stops at ¢; while the acquirer population is still
trading, in which case ¢1 = ¢4, and (ii) the acquirer
population stops at ¢; while the liquidator population is
trading, which corresponds to ¢; = q;.

The discrete state go represents the system over the interval
[t2, T after the second population of HFTs stops at ¢, and
hence the major agent is trading in the absence of both
populations.

The above discrete state association is summerized in the
following table.

] Discrete State \ Ao \ Aq \ A \
m Vv v
Qa v v X
a a | x |V
Q2 v X X
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B. Finite Populations

1) Major Agent: The dynamics of the major trader in the
market can be modeled as

dVO(t) - UO(t)dt7
dQo(t) = vo(t)dt + o dw,
dSo(t) = (Novo(t) + ANt (t))dt + aguo(t)dt +odw (t).

Let the major agent’s state be denoted by zo = [v, Qo, So]”,
then its dynamics can be expressed as

dro = Agzodt + Bouodt + Eox™tdt + Dodwy  (8)

with the matrices

0 0 0 o
w
A(): 1 0 0 ,B(): 0 ,’wo—|: %:|
[ X 0 0 ao wo
[0 0 0 0 0
Eo=10 0 0|,Do=|0% 0
A 000 0 o

Note that in (8), NN, takes the following values.

N, + N; for qq,

N, — N, for qq, ©)
Ny for g,
0 for q5.

The major trader’s cost function (5) can also be described
in terms of its states with replacing the final cash process
by E[Zy(T)] = —IE[fOT So(s)vo(s)ds], and the fundamental
asset price Fy(T") using (1). The equation (8) together with
the cost function (5) form the stochastic LQG problem for the
major trader. Note that the major trader is involved with the
market’s average trading rate in its dynamics while involved
with the market’s average selling rate in its cost function.

2) Minor Liquidator: Similarly, the stochastic optimal
control problem for a minor liquidator A; € A;, is given
by the set of dynamical equations

dl/i(t) = U; (t)dt7
dQ;(t) = vi(t)dt + o2 dw?,
dSi(t) = (Aovo(t) + N (t))dt + au; (t)dt + odw; .

Similar to the major trader, we define a generic minor trader’s
state vector as z; = [v;,Q;, 5], and its dynamics can be

written as
dx; = Ayz;dt + Bu;dt + Ell‘Nt dt + Dydwy, (10)
with
0 0 O 0 00 1
A = 10 0|, EZ=10 0 0|, B=1|0
0 0 O A0 O a
0 0 O 0 O 0
Gi=| 0 0 0]|,D=|c? 0 ,wh—{“’%}
Xo 00 0 o Wi

The quadratic cost function (6) can also be expressed in terms
of the minor agent S state when the ﬁnal cash process in (6)
is replaced by E[Z; fo (s)v;i(s)ds] using (4),
and the fundamental asset price F; (tl) is replaced using (2).
The equations (10) and (6) form the stochastic LQG problem
for a generic minor liquidator. Additionally, they show that
a minor liquidator is coupled with the major agent’s trading
rate and the market’s average trading rate in its dynamics
while coupled with the market’s average selling rate in its
cost function.

3) Minor Acquirer Agent: The stochastic optimal control
problem for a minor acquirer A4; € A,, is given by the set
of dynamical equations

dv;(t) = wu;(t)dt,

dY;i(t) = —vi(t)dt + o2 dw?,

dS;(t) = (Movo(t) + AN (b)) dt + au;(t)dt + odw],
where Y;(¢t) = N, — Q;(t) is the remaining shares at ¢ to be
acquired until the end of trading horizon. We define a generic

minor acquirer’s state vector as xz; = [14,Y;, S;], hence its
dynamics in compact form would be

dr; = Agxidt + Boudt + E,a™Ntdt + Dodw,,,  (11)
where
0 0 0 00 1
A,=| -1 0 0|,E,=|0 0 0|,B,=1]0
0 0 0 A0 O a
0 0 0 0 0 o
Ga: 0 0 0 7D0‘: JiQ 0 7waz:|:wiF:|
X 0 0 0 o Wi

Note that N; in (11) again takes values as in (9) over the
trading horizon. Accordingly, the cost function for acquisi-
tion is given by

Jiluiy ) = B [paYi(t2) (S:(t2) — avg(t2) + paYi(t2))
&SI + pa( (1) = pur (1) +
[ a9 0820 + et

— raSi(8)vi(s) + Rauf(s))ds}, for A; € A, (12)

The set of equations (11)-(12) constitute the standard
stochastic LQG problem for a minor acquirer. It can be seen
that a generic minor acquirer interacts with the major agent’s
trading rate as well as the market’s average trading rate
through it dynamics, and with the market’s average buying
rate through its cost function.

C. Mean Field Evolution

Following the LQG MFG methodology [7], the mean field,
Z, is defined as the L? limit, when it exists, of the average
of minor agents’ states when population size goes to infinity

0= i 0 = i 30

lim =z
Ni—o0
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Now, if the control strategy for each minor agent is consid-

ered to have the general feedback form
Ny

u; = Lz + Laxg +Z Lyrj+ Lz, 1<i<Ng (13)
=1

then the mean field dynamics can be obtained by substituting
(13) in the minor liquidator (respectively, acquirer) agents’
dynamics (10) (respectively, (11)), and taking the average
and then its L? limit as N — oo.
The set of mean field equations for the optimal execution
problem can be written as

dx = Azdt + Grodt + mdt. (14)

For qo, z = [z, 2717 consists of the mean field Z; of the

liquidator population, and the mean field z, of the acquirer
population. The matrices in (14) are defined as

1 _ Aa Aal ~ Ga _ Mq
A_[Ala A },G—[Gl ],m—[ml ], (15)

which shall be determined from consistency equations dis-
cussed in section III-E.
For q,, * = Z,, and the matrices in (14) are given as

A=A, G=G, m=m,. (16)
For q;, * = Z;, and the matrices in (14) are given by
A=4,, G=G;, m=m. (17)

Finally, for ¢2, £ = 0.

D. Infinite Populations

Following the mean field game methodology with a major
agent [7], [40] the hybrid optimal execution problem is first
solved in the infinite population case where the average term
in the finite population dynamics and cost function of each
agent is replaced by its infinite population limit, i.e. the
mean field. Then specializing to linear systems [7], the major
agent’s state is extended with the mean field, while the minor
agent’s state is extended with the mean field and the major
agent’s state; this yields LQG problems for each trader linked
only through the mean field and the major agent’s state.
Then the main results of [7], [40] are (i) the existence of
infinite population best response strategies which yield the
Nash equilibria, and (ii) the infinite population best response
strategies applied to the finite population system yield an
e-Nash equilibria (see Theorem 3.1).

1) Major Liquidator Agent: The extended dynamics of
the major agent in the infinite population, i.e. the dynamic

for the z;™%" is given by

dag™ = (Ag' xo" Y + Mg + B ug’)dt + Dy’ dWo, (18)

0 < 7 < 2, and the cost function for the extended major
agent’s system would be

Jo(uo,u_g) = ]E{Hx(e)gﬁ’q2 (T)”f’»gz

2 ti+1 ‘ _
23 [ Gy + 1 Gl )] a9
=07t

where to = 0,t3 = T. Let matrix coefficients Py, P,
respectively, associated with the running and final costs in
(5) be given by

B I} %pao 0 g 0 %r
P(): %pao po _%p 7P0: 0 ¢ 0 )
0 —%p € %r 0 ¢

then over the interval [¢o, ¢1), and in the discrete state go, the
dynamics of the continuous state x5 = [z, 2T, zT]7T is
determined from (18) with
Ao [Eo, Eo 03x1
A(q)o — [ - [ b ] , Mgo — X ,

G A m
B D 0
Bqa _ 0 , ]D)qo _ 0 3x6 )
0 [ 061 :| 0 [ Osx3  Osxe

and P in (19) is given by

Pgo = [-[3><3703><37 03><3]TP0U3><3’ 03X3’03X3]'

In case (i) where ¢ = g, over the interval [t,t5), the
dynamics for z{"% = [z, zT]7 is determined from (18)
with
Ay E 0:
4 _ | Ao Lo ga _ | OU3x1
S A B
B D 0
B — 0 , DY — 0 3x3 )
0 { O3x1 } 0 [ 03x3  O3x3

and Pd* is given by
Pg* = [Isx3,03x3]" Po[I3x3, O3x3)-

In this case, the values of the continuous state before and
after ¢; are related by the jump map

xy" 1 (t1) = Vo g (t1-) (20)
where
I3y 0O3x3 Osxs
Ty, = . 21
o [ O3x3  Isx3 Osxs @1
In case (ii) where ¢; = ¢; holds, z°®% = [2", 2] |7 and

=] B =[]

Gl Al my
B D 0
B% = 0 , D% = 0 3x3 .
0 l: 0351 :| 0 [ O3x3 0O3x3

PG = [I3x3, 03x3]" Pollax3, 033, O3x3)-

In this case, the values of the continuous state of the major
trader before and after ¢; are related by the jump map

xgz’q" (tl) = \Ijg,l.fgx’qo (tlf) (22)
where
I3z 0O3x3 0O3x3
Yo = OX OX IX (23)
3x3 Usxs 13x3
For the discrete state ¢-, the continuous state of the major
trader is z"%" = x, and
Af? = Ay, MG =03x1, B =By, D =Dy
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P =Py, PP =P,

The values continuous state of the major trader before and
after ¢, are related by the the jump map

.Z'Sm’qz <t2) —

= Voo (t2—) (24)

where Wo 2 = [ Isxz O3x3 |.

Best response hybrid control action:

By the definition of the terms ng necessarily satisfy the
condition Al in [30], which in the LQG takes the following
form

DY = ¥, ,;DF 7, j=1,2. (25)

An application of the stochastic hybrid control theory of
[30], specialized to the LQG case in [31], yield the infinite
population best response hybrid control action as

ul (1) = — Ry B, 19 () 557 (),
where TI¢7 (¢) is the solution of

— 11§ = TI§ AF + AG , TT§7 —

(26)

0,q;
IG5 Bg’ R 4. B34, 115 + Po,
27

subject to the terminal and boundary conditions

H’”(T)—PO,
TG (t5) = W ;108 () %o 5,

(28)
(29)

PG+ WG T (8)Wo ;AT + Ag,
— g TG () Wo ;BE " Ry g B,

=l (PY + 10 (t)AY + AT, T

G () o
WG () Vo,

~ 0¥ (t;)BY Ry BY Hg-f(tj))qfo,j, for j=1,2 (30)

We remark that q; = q, if th < t%, where t2 denotes the
time t;, j = 2 calculated from (30) with the substitution
of g1 = g4, and t, denotes the time calculated with the
substitution of g; = ¢;. Otherwise, q; = q;.

2) Minor Acquirer: A generic minor agent A;’s extended
dynamics in the acquirer population with the extended state

exr P
;Y s

dai™" = (A 2" + MY+ Bg ug’ + By uf )dt + D dW;;,
(31)
where for qo, 7% = [T, 28, 2T z]]T, and
[ A (G B B
a 09)(3 AO BQU RO qongo qu ’
03><1 Ba Da 03><9
q0 — ) q0 — q0 —
e { M ] = [ 01 |7 08| Ogs DY |
and for gq,, "% = [T, 28,2117, and
A, as Ea
Aga: |: qa g? -1 ] qda :| )
Osxs AG"—Bg" Ry 4 B, 105
031 B, D, 0O3zxs
MQG: , B‘Za: , ]D)ga: » .
a [ M :| a [ Ogx1 O6x3 Dg

In case (i) where the acquirer population is trading over
[t1,t2), 1.e. ¢1 = qq, the total hybrid cost for a minor acquirer
is given by

(u“ u—z)

DA
0/t

= J

E [l (t2) 1250

”meI,qg )H;ZJ+||u§j(s)”§%?)ds}’ (32)

with
I@Z“ = [13><37OSXG]TPa[I3><37O3><6] (33)
Pl = [Isx3,03x6]" Pa[I3x3, 03x6] (34)
P2 = [I3x3,03x0]" Pa[I3x3,03x9], (35)

where P,, P, are, respectively, associated with the running
and final costs in (7) are given by

B Ha _%paa 0 Qa 0 _%ra
P.= _%paa Pata %pa y Po= 0 Ka 0
0 %pa ga _%Ta 0 Ya

In this case, the extended state for a generic minor agent
in the acquirer population at ¢; satisfies the jump transition
map

2o (1)) = Uy 20D (¢, )
with

I3z 0O3x3 0O3x3 Oszx3

W, o= Osx3 Isxaz 03x3 0Osx3

03x3 03x3 I3x3 Ozxs

In case (ii) where ¢; = ¢; holds over the interval [ty,t2),
the cost for the minor acquirer agent .4; is given by

Tt us) = B[ (1) [

t1
[ 6 + 1 0) )] 36

to

with P% = [I33,030]7 P[I3x3, 03x0].
Best response hybrid control action:
The optimal stopping problem for a minor acquirer is
equivalent to a hybrid optimal control problem in which
the dynamics and costs become zero after stopping. By the
definition of the terms D}’ necessarily satisfy the condition
Al in [30]. To be specific, for the case (i) the diffusion
coefficients in (31) satisfy

Dl = U, (DY,

D& =, D =0,

©%qq,qst0p G T

(37
(38)

where oy, 4, denotes the stopping event in the discrete state
g;j. Both conditions in (38) are satisfied since D¥? = 0 due to
the zero dynamics after stopping and ¥; = 0 due to

2,04qq > dstop

removal of the minor acquirer trader’s state from the market
dynamics. For the case (ii) we also have

Do = Do =
a ©9q0,qs00p @

(39)

which holds due to the stopping decision at ¢;. The results
of [30], [31] yield

uf (t) = =Ry By o 118 (1) 277 (1), (40)
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with

— 1% =P A% + AL 1% —TI%BY R, | BY 1% +P,,

(41)

where for the case (i), in which ¢ = q,, NS (t) is the
solution of (41) subject to the terminal conditions
11 (t2) = B2,
(P + Pae Al +AL, P — PEBLR L BL, Pir) =0
1'qa P

a,qa aa‘]a a

and the boundary conditions
2 (¢1) = W] T1% (1) W, 4,
P + T I (1), QAL + AL W] 110 (41) T,

a,qo

— U7 08 (t1)W; BLR, L BE  WE T (41) T,

@,qo""a,qo

— Wl (P + 11 () A% + AT, T (1)

a,qa

— L0 (1) B R, B 10 (1)) Wi, (42)
and in case (ii) where ¢; = ¢; holds, I1%(¢) is the solution

of (41) subject to the terminal conditions

1% (t;) = %0 (43)
(Pgﬂ + POAD AT D — PQOBqOR;}ZOBEqOPZO)t:; 0.
(44)

We remark that the the solution of (42) (respectively
(44)) result in the same stopping times t§ (respectively ¢1)
determined from (30).

3) Minor Liquidator: The hybrid dynamics, jump maps
and performance measures for a minor liquidator are pre-
sented in a similar form as the minor acquirer, and therefore,
due to space limitations, are not presented here. The infinite
population best response hybrid control action as

u (t) = =R "B, TL7 () 2% (1), (45)

with

— 1P = TP AP + AT, TP — IPBY R ) B, TP + Py,

(46)
where for the case (i), in which ¢; = g4, II}7(¢) is the
solution of (46) subject to the terminal conditions

I (t1) = Pf°
(P + PeAf+AT, B — PPB R, . B, P°)

1,90

=0.
t=t

and in case (ii) where ¢; = ¢; holds, IT}°(¢) is the solution
of (41) subject to the terminal conditions

I (t) = P},

(PQZ 4 PqLAql +Al ” ]P)‘]l _ qu qu Rl qllBl o ]P)‘]l) =0

t=to

and the boundary conditions
I (t) = W T (81) Wi,

P + WL (1) U0 A + Az '
— UL I ()Y BP R,

Uh I ()05
vr AL (t) Wy

1,q0 l%

= U7, (P + T (41) A" + AT, 1T (1)
— I (0B By B, I (1)) Wi (47)

The infinite population equilibria is linked to the finite
population equilibria by the following theorem.
Theorem 3.1 (e-Nash Equilibria for CO MM-MF Systems):
Subject to reasonable technical conditions (see [7]), the
system equations (8), (10), (11) together with the mean
field equations (49) generate the set of control laws
UN, 2 {u%0 <i < N}, 1 < N < oo, given by (26),
(40), and (45) such that
(i) All agent systems 4;, 0 < i < N, are second order
stable.

(i) {U ;1 < N < oo} yields an e-Nash equilibrium for
all ¢, i.e. for all € > 0, there exists N (e) such that for
all N > N(e);

TN WS u ) —e < inf TN (ug,u®,) < TPV (U, ul ).

! ui €U N
E. Consistency Condition O
The closed loop trading dynamics of a minor acquirer
A; € A, applying (40), or correspondingly a minor lig-
uidator A; € A; applying (45) is consequently

dv; = =R By, (z 25, 7 ™t — R, By sa(t)dt,

then the average of closed loop trading dynamics over

acqulrer or liquidator populatlon is obtained as
Naj Nayi

Z dy; = Z Ra/l a/lHa/l (m?,xg,fT)Tdt

a/l
1w
. > R, \BL ysap(t)dt,  (48)
No i=1

where 7 = [z] ;\f Then taking the L2 limit of (48) as
the populatlon size /1 goes to infinity yields the trading

rate mean field dynamics

drop = Mim  dvet = =R, B,
X tm (@No)T af 5T 2T) " dt — Ry )BT 50t

and hence the consistency equations become
Aot = =Ry "M 11 + My 17) — aRy (g 31 + My 37),
w12 = —R; (a0 + Ha18) — aRy (g 30 + 4 38),
w13 = —R; (a3 + an0) — aRy (33 + M, 30)

A

Agq

A "
Aal 11 = —Rgl(na,uo + all, 310),
A

A

G

S (11 + ally 311)
T (10 + all, 312)
—R;/ll(ﬂa/z,m + ally i 34),
Gaji12 = _R;/ll(Ha/l,IE) +ally i 35),

al,i2 = — R
al,iz = — R

a/l,11 =

Gajias = *R;/ll(ﬂa/l,w +ally ) 36),

May1 =0, (49)
where Il,/;; = Il,;(i,7) for i = {1,3}, j =
{1,2,3,...,12}. Hence the matrices in (15) are given as
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B Aa/l,ll Aa/l,12 Aa/l,13
Ay = 1 0 0 :
A+adain) adaie aAas
B Auir Aaiz Aas Ma/1,1
Ag=| 0 0 0 |,m=| o0
aAg11 6Aai2 aAars amg i1
B Agn Algiz Ales
Aa=]| 0 0 0|,
a1 @Az A s
B Gajin2 Gajizz Gaji2s
Gyt = 0 0 0

(>\0+aéa/l,21) aéa/lﬂ2 aéa/h??’

where the equations for the entries of matrices A;,, 4; due
to space limitations are not presented (see [41]).
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