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Abstract—Autonomous guidance is critical for future space mis-
sions, particularly for cislunar satellite rendezvous operations,
where communication delays and complex dynamics present sig-
nificant challenges. This paper introduces the Extended Linear
Quadratic Regulator-informed optimal Rapidly-exploring Random
Tree (ELQR-RRT*) search, a novel sampling-based guidance algo-
rithm designed for obstacle avoidance in nonlinear environments.
The authors validate ELQR-RRT* by solving a fuel-optimal ren-
dezvous problem in an Earth-Moon 9:2 L2 Southern Near Recti-
linear Halo Orbit (NRHO). ELQR-RRT*’s performance is bench-
marked against two established methods: a shooter-based RRT* (S-
RRT*) and a direct optimization solution from the Astrodynamics
Software and Science Enabling Toolkit (ASSET). This comparative
analysis demonstrates that ELQR-RRT* generates a smooth, near-
optimal trajectory, successfully navigating the complex multi-body
dynamics of the cislunar regime while avoiding obstacles. The
results affirm the algorithm’s capability to deliver high-quality guid-
ance solutions, highlighting its potential for real-time autonomous
operations.
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1. INTRODUCTION
Autonomous Rendezvous and Proximity Operations (RPO)
are critical to future space mission concepts such as satellite
servicing, Mars sample returns, active debris removal, and
space station construction [1]. As NASA plans for long-term
human exploration of the lunar south pole, a large number
of spacecraft will be necessary to support NASA’s lunar
program, Artemis [2] [3]. The burden on ground operations
will likely grow to support an increased number of RPOs and
lead to missions competing for ground resources [4].

Spacecraft autonomy is proposed as a solution for schedul-
ing conflicts, labor overhead, and human error associated
with ground stations [5]. Spacecraft autonomy is also pro-
posed to replace significant amounts of ground-station based
guidance that will likely become prohibitively expensive
[5]. State-of-the-art autonomous maneuvering techniques
including sliding-mode controllers, model predictive control,
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and artificial potential functions are valuable in uncluttered
settings, but fall short in scenarios that feature neighboring
debris, other spacecraft, safety modes, and complex maneu-
vering [5].

Contribution

This paper introduces the Extended Linear Quadratic
Regulator-informed RRT* (ELQR-RRT*), a novel sampling-
based algorithm used to generate guidance laws for spacecraft
rendezvous in obstacle-rich environments. The contribution
of this work is the utilization of an LQR inspired RRT* algo-
rithm for cislunar rendezvous that mitigates nonlinearization
errors, common in typical iterative LQR methods, through
LQR-smoothing, presented in [6]. Unaccounted nonlin-
earization errors in the envisioned cislunar environment can
threaten mission success due to the sensitivity of the multi-
body gravitational environment. This work manages LQR
nonlinearity errors without a reference trajectory or additional
algorithm, unlike the work seen in [7] and [8]. This study also
expands the research provided in [9] by including a new al-
gorithm and comparing the results achieved by the sampling-
based algorithms of this work with the direct optimization
solution achievable with the cutting-edge ASSET library. To
the knowledge of the authors, no other notable LQR-RRT*
inspired work exists for cislunar rendezvous and no other
implementation of ELQR, from [6], to RRT searches exist.

Mission Scenario

The scenario envisioned for this analysis is a fuel-optimal
rendezvous between two spacecraft in an L2 9:2 Southern
Near Rectilinear Halo Orbit (NRHO). NASA’s Gateway is
anticipated to orbit the Moon in an L2 9:2 Southern NRHO
and act as a staging point for both lunar and deep space
exploration [10]. Spacecraft deployed from Gateway with
small perturbations remain in the NRHO for several revo-
lutions before departing [11]. Therefore, service missions
to Gateway may require avoidance of nearby spacecraft fol-
lowing a similar NRHO. Overall, this scenario provides a
trying environment to validate ELQR-RRT*. The perfor-
mance of ELQR-RRT* is contrasted against a Shooter-RRT*
(S-RRT*) process and a direct optimization solution from
the Astrodynamics Software and Science Enabling Toolkit
(ASSET) [12]. S-RRT* is a less complex sampling-based
algorithm and can serve as a good baseline for the more
involved ELQR-RRT* search. ASSET is used to demonstrate
the solution obtained by a state-of-the-art direct optimization
method to validate the results of the sampling-based methods.
Results demonstrate that ELQR-RRT* produces a smooth,
near-optimal trajectory, validating the proposed method and
highlighting the distinct advantages of each guidance ap-
proach for this complex problem.
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2. LITERATURE REVIEW
Significant research has investigated RPOs, as most mission
architectures for exploration involve rendezvous and capture
procedures [13]. This section provides rationale for the
development of ELQR-RRT* and outlines other potential
RPO guidance and control algorithms. This review is by no
means comprehensive and relies on other rigorous literature
reviews for support.

Guidance

Guidance, as defined by Isser, is the path from a vehicle’s
current state to a designated target state, as well as desired
changes in its velocity, rotation, and acceleration for follow-
ing that path [14]. Similarly, a guidance law can be defined
as an algorithm that determines the commanded vehicle’s
required acceleration and rotation [15]. In this paper, path-
planning algorithms work to solve optimal control problems
and generate guidance solutions. For this reason, path-
planning algorithms are analyzed and referred to as guidance
algorithms within this work.

Path-Planning

Path-planning algorithms can be divided into two classes,
sampling-based algorithms and exact algorithms. Sampling-
based algorithms, such as Rapidly-exploring Random Tree
(RRT) searches, randomly sample the solution space and use
an external collision-detection routine to ensure a safe path
[5]. External collision detection processes can be naturally
replaced with sensor-based obstacle detection. If a collision-
detection process is used, sampling-based algorithms ensure
no collisions occur. In this work, moving obstacles are used,
thus expanding the solution space to include the time domain
for each obstacle. This ultimately means that obstacles must
match the time and location of the vehicle to be considered
unsafe.

Exact algorithms, such as artificial potential function algo-
rithms, require an explicit representation of unsafe regions for
collision avoidance [5]. One common approach to collision
avoidance used by exact algorithms is the repulser model, as
seen in [6]. The repulser model adds the negative exponential
of the closest distance between the agent and the set of
obstacles to the cost function as a means to push the trajectory
away from the obstacles. Simple repulser models, such
as in [6], do not guarantee safety without meeting safety
definitions, such as those imposed by control barrier functions
[16]. Implementing repulser models as artificial potential
functions may provide safe trajectories, but can also push
the solution into local minima [17]. Exact algorithms, such
as the ASSET solution provided in this work, also require a
complete re-optimization for stochastic changes to obstacles
increasing the computational burden.

Rapidly-exploring Random Tree Searches

The Rapidly-exploring Random Tree (RRT) search algorithm
is a method that iteratively samples a solution space to create
nodes, creates paths between new and existing nodes, and
adds the new node relationships after verifying the path is
collision free. This work utilizes RRT*, a version of RRT that
achieves asymptotic optimality [18, Definition 24]. The RRT*
algorithm returns optimal solutions by rewiring the tree with
each new sample. Existing nodes are rewired by comparing
current paths with paths to a newly sampled node. If replacing
any existing connections decreases the cost of the path, the
node is replaced with the new node, permitted the path is safe.
RRT algorithms can be computationally advantageous and

can allow for sampling interruptions in real-time operations
[5] [8]. RRT* algorithms can also return a sub-optimal
trajectory if the computation time is constrained by the time-
to-collision.

This work does not account for the uncertainty of obstacles;
however, if uncertain obstacles are present in the environ-
ment, methods such as dynamic re-planning can be used to
alter the vehicle’s path using the existing tree rather than
requiring re-optimization of the entire problem [19]. RRT-
based algorithms efficiently explore the state space when the
distance heuristic reflects the true cost-to-go for the system
[20]. RRTs can be used where the path is constrained by
linear or nonlinear dynamics by changing the mechanism for
connecting the nodes. When operating in nonlinear dynam-
ics, RRTs do not need initial guesses and are probabilistically
complete, provided enough samples are taken [18, Theorem
16 & 23].

Optimal Control Algorithms

The optimal control problem is defined as finding a control
and resulting state trajectory such that the cost function
is minimized [21]. Optimal control problems with linear
dynamics and quadratic costs can be solved as part of the
family of Linear Quadratic Regulator (LQR) problems. The
LQR is one of the most used control design methods in
aerospace and has excellent performance, robustness, and
capability to minimize control usage [22]. One advantage
given by LQR methods is a guaranteed globally optimal
solution, given linear dynamics and a quadratic cost function
[21, Ch. 2.7 Theorem 1]. Although the guarantee is for linear
systems, the path is anticipated to approach the true global
optimal between nodes as the number of linearization points
increases. Depending on the formulation, LQR problems can
also have an analytic solution. Finally, LQR methods can
easily be extended to produce command tracking controllers
[22].

There are numerous alternatives to LQR based optimal con-
trol solutions including sliding mode, phase-plane, and di-
rect optimization methods. Sliding mode and phase plane
algorithms are not considered due to their lack of optimality
[23]. Direct optimization methods discretize the optimal con-
trol problem into a finite-dimensional parameter optimization
method, which is usually easier to solve than the original
optimal control problem [24]. ASSET utilizes compressed
Legendre-Gauss-Lobatto (LGL) collocation methods along
with vectorization and a custom Parallel Sparse Interior-point
Optimizer (PSIOPT) to solve optimal control problems very
quickly [12]. Direct optimizers, like PSIOPT, guarantee a lo-
cally optimal solution for both nonlinear and linear problems.

Extended Linear Quadratic Regulator

The Extended Linear Quadratic Regulator (ELQR) algorithm
was developed to improve the iterative LQR process (iLQR)
by removing the need for a line search and introducing LQR-
smoothing [6]. iLQR is identical to Differential Dynamic
Programming (DDP), except iLQR neglects the second-order
Taylor series term, thereby losing the quadratic convergence
properties that DDP has [25]. The line search method used
by iLQR ensures the new solution stays near the nominal
trajectory.

A recent comparison study of ELQR and iLQR to random
finite set-based swarms has shown that ELQR and iLQR have
similar performance, but ELQR requires much less time to
tune [26]. Unlike iLQR, ELQR converges about points only
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feasible upon a convergent solution, removing the need for a
line search [6]. Unlike LQR-RRT*, iLQR, or DDP, ELQR
does not select linearization points arbitrarily, but instead
finds the points with a minimum average of the cost-to-go
and the cost-to-come values through forward and backward
LQR [6].

Linear Quadratic Regulator Informed RRT*

The Linear Quadratic Regulator informed RRT* (LQR-
RRT*) algorithm was created to reduce the design effort
required in sampling-based planners by using automatically
derived heuristics for the Extend function, presented in the
Methodology section [20]. The LQR-RRT* search uses the
LQR to generate optimal paths to nodes and the RRT* search
to sample the solution space and manage relationships. LQR-
RRT* can generate optimal plans in domains with complex
or underactuated dynamics without requiring domain-specific
design choices [20]. Perez et al. utilized an infinite horizon
LQR for the extension method to generate an optimal RPO
solution [20].

LQR-RRT* in a nonlinear environment depends on locally
linearized dynamics on selected operation points [20]. This
means the locally linearized dynamics create inaccurate dis-
tance or cost metrics, forcing optimal solutions to be obtained
only after the state space is more densely populated [20],
which would require an additional linearization error miti-
gation process. LQR-RRT* is therefore not considered for
the NRHO RPO problem because a poorly linearized solution
could be returned, which is unusable due to the sensitivities
of the nonlinear system. Although LQR-RRT* is not used in
this work, ELQR-RRT* mirrors the implementation of LQR-
RRT* for trajectory generation and tree management.

3. METHODOLOGY
The ELQR-RRT* algorithm uses an ELQR for path and
control generation and an RRT* search for node sampling,
node management, and collision avoidance. The ELQR-
RRT* solution is compared against S-RRT* and ASSET’s
native compressed-LGL collocation and PSIOPT optimizer
[12]. This section provides the necessary algorithms and
processes for ELQR-RRT*, S-RRT*, and ASSET’s solution.

Optimal Rapidly-exploring Random Tree Search Algorithm

This section outlines the steps for the optimal Rapidly-
exploring Random Tree search (RRT*) algorithm and shows
implementation-specific design choices. The RRT* algo-
rithm used in this work is identical to that presented in [9];
however, this work includes the algorithms and functions
for completeness. The RRT* algorithm differs from the
prototypical RRT*, given by Karaman [18], by attempting to
connect each new node to the end node, sampling the entire
solution space, using an external collision bisection method to
check for safe paths, and decreasing the number of iterations
by ensuring the sampled node is reached [9]. Algorithm 1
presents the complete RRT* framework,

Algorithm 1: The RRT* Algorithm
1 V ← {xinit};E ← ∅; i← 0;
2 while i < N do
3 G← (V,E);
4 xrand ← Sample(i);
5 i← i+ 1;
6 (V,E)←Extend(G, xrand);
7 end do

where V is a list of the vertices in a graph, xinit is the
initial state, E is a list of the edges of the graph, i is the
iteration count, N is the user-defined number of iterations,
and G is a graph. The iteration number is varied in this
work, but could be based on a desired sample density or by
a constraint on computation time. Algorithm 1 shows that
the RRT* framework begins with an empty list of edges and
only the initial state in the set of vertices. RRT* then iterates
a set number of times, picking random states, xrand, and
attempting to connect with them. The trajectory is copied into
the edge list, E, and the states are written into the vertex list,
where the parent-child relation is saved to preserve the tree
structure. Algorithm 1 also depends on the sample function
given here.

Sample: The function Sample typically returns independent
and identically-distributed samples from the collision-free
space [27]. Samples are returned from the entire solution
space, since the collision detection routine removes unsafe
trajectories and this work investigates moving obstacles.

Algorithm 1 depends on the Extend procedure, which in-
cludes path generation, collision detection, connecting to the
end, and rewiring. The multi-stepped Extend function is
outlined in the pseudo-code provided in Algorithm 2, where
xi, zi, ui, and τi is the ith state, trajectory, control list, and
Time of Flight (TOF), respectively.

Algorithm 2: The Extend Procedure
1 V ′ ← V ;E′ ← E;
2 (xnearest, xnew, znew, unew, Tnew)← Nearest(G, x);
3 V ′ ← V ′ ∪ {xnew};
4 E′ ← E′ ∪ {(xnearest, xnew)};
5 (zN , uN , TN )←Steer(xnew, xend)
6 if ObstacleFree(zN ) then
7 V ′ ← V ′ ∪ {xend}
8 E′ ← E′ ∪ {(xnew, xend)}
9 Vnearby ← CompletePath(G, xnew, |V |);
10 for all xnear ∈ Vnearby do
11 (znear, unear, Tnear)← Steer(xnew, xnear);
12 if znear(Tnear) = xnear and ObstacleFree(znear)
and Cost(xnear) > Cost(xnew) + J(znear) then
13 xparent ← Parent(xnear);
14 E ← E’ \ {(xparent, xnear)};
15 E ← E’ ∪ {(xnew, xnear)};
16 end if
17 end do
18 return G′ = (V ′, E′)

Algorithm 2 uses J() as the cost function and depends on the
following functions:

CompletePath: The CompletePath function replaces the
Near-by Vertices process found in [27]. Given a graph G =
(V,E), the CompletePath function returns all vertices in V
for each trajectory that successfully completed the Steer to
the end node, seen in line 5 of Algorithm 2, thereby ending
at the terminal target state. The purpose of the CompletePath
function is merely to provide the stored vertices, trajectories,
and cost in preparation for the rewire step implemented in
lines 10 to 15 of Algorithm 2. This function ensures that
the computationally expensive rewire step is used on a select
number of vertices to increase the effectiveness of the rewire
and decrease the computational burden.

Algorithm 2 attempts to steer each node to the terminal target
state after it has been added to the tree. The optimal path is
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assumed to coast to the target the majority of the time with
minor adjustments to avoid obstacles. Assuming only minor
adjustments justifies the authors’ efforts to connect each
newly sampled node to the end node to increase the feasible
solution space and provide a safe trajectory as quickly as
possible.

Steer: Given two states, xfirst and xsecond, the Steer func-
tion returns the path starting at xfirst and ending at xsecond.
Therefore, the steer function returns the trajectory, the inputs
required to steer the system to the final state, and the time
required for the maneuver.

ObstacleFree: The ObstacleFree procedure returns true if
and only if the trajectory provided to it lies entirely in the
obstacle-free space [27]. This function is also known as
the collision-checking procedure. To ensure that the RRT*
returns a collision-free path, each node undergoes an inde-
pendent collision test. The collision test assumes complete
knowledge of the obstacles’ states. The test then simulates
the vehicle’s and obstacles’ trajectories and iteratively solves
for the point where the vehicle intercepts the obstacles’ keep-
out sphere.

The collisions are computed using a bisection search and cu-
bic spline interpolation native to the University of Alabama’s
Astrodynamics Software and Science Enabling Toolkit (AS-
SET) [12]. The cubic spline allows for interpolation of any
point in the trajectory and the bisection search looks for
where the spacecraft violates the keep-out radius constraint.
If the search finds no keep-out violations, then the path is
considered safe.

Cost: The Cost function returns the cost of the trajectory
from the root vertex to a given vertex [27].

Parent: Given a state, x, the Parent procedure returns the
parent node or closest node to the state in the tree.

The final function definition for the algorithm is that of the
Nearest procedure. As Algorithm 2 and Algorithm 3 show,
the Nearest function is called to find the TOF, trajectory, and
control effort necessary to travel from the newly sampled
state to the nearest node of the tree. The nearest node is
defined as the node that can be reached with the least cost
as seen in Algorithm 3, where ci is the ith cost.

Algorithm 3: The Nearest Procedure
1 cmin ←∞;
2 for all xi ∈ G do
3 (zi, ui, τi)← Steer(xi, x);
4 xnew,i ← zi(τi);
5 ci ← Cost(xi);
6 if ObstacleFree(zi) and ci < cmin and xnew,i = x
then
7 xnearest ← xi;
8 xnew ← xnew,i;
9 cnew ← ci;
10 znew ← zi;
11 unew ← ui;
12 Tnew ← τi;
13 return N = (xnearest, xnew, znew, unew, Tnew)

Algorithm 3 does not require iterating through nearby points
after the initial steer, unlike the RRT* in [27]. One less
iteration can be made by ensuring that the final point of the
trajectory, xnew,i, is equal to the sampled point, x, as seen in

Algorithm 3, line 6. If a growth inhibiting heuristic is added
to the Nearest procedure, it would change the input to the
steer function, x, instead of adding another collision check
proposed in [27].

Circular Restricted Three Body Problem

Although the ELQR-RRT* algorithm alone is novel, this
work aims to apply the use of ELQR-RRT* to cislunar RPOs.
To simulate the cislunar environment with reasonable accu-
racy, the Circular Restricted Three-Body Problem (CR3BP)
is used as the main framework for the dynamics. The Earth-
Moon CR3BP accounts for the gravitational influences of the
Moon and can be used as a stepping stone for cislunar mission
planning with an ephemeris model [28]. Directly utilizing
the ephemeris model is avoided in this work for simplicity
and because careful consideration is required for choosing
the mission epoch in an ephemeris model. Future work can
include an extension of ELQR-RRT* to ephemeris models or
other complex nonlinear systems.

The three-body problem is formed by assuming there are
three bodies acted upon solely by gravity and represented as
point-masses. This problem becomes the Restricted Three
Body Problem (R3BP) by assuming that the third body, the
body of interest, has a negligible gravitational effect on the
other two bodies. By further assuming the primaries are
in circular orbits about the barycenter, where the reference
frame is set, and allowing the frame to rotate with the second
body, the R3BP becomes the CR3BP. The CR3BP regime can
be seen in Figure 1, where mi is the mass of the ith primary.

Figure 1. CR3BP reference frame.

The CR3BP equations of motion are nondimensionalized to
benefit the computational accuracy using the characteristic
length (l∗), mass (m∗), and time (t∗), given in (1) - (3).

m∗ = m1 +m2 (1)

l∗ = l1 + l2 (2)

t∗ =

√
l∗3

Gm∗ (3)

The term µ is the nondimensionalized mass of the second
primary given by (4).

µ =
m2

m∗ (4)

The variables from Figure 1 are assigned to the state, x, in (5)
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to demonstrate the nonlinearity of the system

x =


x1
x2
x3
ẋ1
ẋ2
ẋ3

 =


x1
x2
x3
x4
x5
x6

 (5)

where x refers to the state of the third body, the vehicle of
interest.

The resulting derivative of the state, ẋ, is given in (6) - (8)

ẋ =



x4
x5
x6

x1 + 2x5 − (1−µ)(x1+µ)
C1(x)

− µ(x1−1+µ)
C2(x)

+ u1

x2 − 2x4 − (1−µ)x2

C1(x)
− µx2

C2(x)
+ u2

− (1−µ)x3

C1(x)
− µx3

C2(x)
+ u3

 (6)

C1(x) = ((x1 + µ)2 + x22 + x33)
3/2 (7)

C2(x) = ((x1 + µ− 1)2 + x22 + x33)
3/2 (8)

where ẋ = f(x, u). It is important to note that the equation of
motion models continuous thrust, whereas both S-RRT* and
ELQR-RRT* will assume impulsive ∆V control, as seen in
the appendix.

The integration of the CR3BP equations of motion and the
determination of the state transition matrix, defined in the
appendix, is completed in ASSET to utilize the computational
speed of its vector function modeling language [12].

Near Rectilinear Halo Orbit

Key to NASA’s exploration of the Moon’s South Pole is the
development of Gateway. As provided by [29] the intended
orbit for Gateway is a southern L2 Near Rectilinear Halo
Orbit (NRHO), which offers constant communication with
Earth, and extended coverage over the Moon’s south pole.

The particular NRHO of interest for the Gateway mission
is the 9:2 L2 Southern NRHO, achieving 9 orbits for every
two synodic periods [29]. The 9:2 NRHO used in this work
has a period of approximately 6.562 days and is found with
a single-shooter method using the NRHO’s symmetry given
in [9], a typical solution for periodic orbit determination in
the CR3BP [28] [30] [31] . The operation time and location
are bounded by the mean anomaly values of 80° and 280° for
the NRHO, to prevent dangerous lunar flybys and to utilize
the central manifolds present in this region [32]. Although
this work implements the mean anomaly bounds presented
by Franzini [32], a large lunar obstacle can be included to
prevent close lunar flybys and remove the mean anomaly
bounds. However, it is important to note that an increase
in the size of the solution space requires more samples and
computational resources to provide the same sample density.

Extended Linear Quadratic Regulator

The Extended Linear Quadratic Regulator (ELQR) is derived
from the iLQR, which uses a second order approximation of
the Bellman equation to find the optimal control sequence.
Unlike iLQR, ELQR performs backward and forward recur-
sions with additional terms to account for linearization errors

and to form LQR variants that depend on the cost func-
tion. This work implements the same foundational ELQR
algorithm proposed in [6] with simplifications relative to the
application provided in this section.

Native ELQR uses discrete time dynamics where the future
state can be found using (9)

xt+1 = gt(xt, ut) (9)

where xt ∈ X, ut ∈ U, gt ∈ X×U→ X for the state space X
and the input space U [6]. The cost function to be minimized,
J , is given in (10)

J = c0(x0) + cL(xL) +

L−1∑
t=1

ct(xt, ut) (10)

where cL(xL) ∈ X→ R is the endpoint cost and ct(xt, ut) ∈
X×U→ R is the local cost function. ELQR uses a backward
and forward pass to compute the control policy, πt ∈ X→ U,
and minimize the cost for all time steps [6].

For the application of spacecraft rendezvous in the CR3BP,
the cost function needs to penalize terminal states that are not
in the position of the nonzero state of the target spacecraft,
xtarg as seen in (11)

cL(xL) =
1

2
(xL − xtarg)TQL(xL − xtarg) (11)

where n is the dimension of the state variable and QL ∈
Rn×n. Likewise, the cost function needs to penalize trajecto-
ries that do not start at the initial state of the chaser spacecraft,
xchas, as seen in (12)

c0(x0) =
1

2
(x0 − xchas)TQ0(x0 − xchas) (12)

where Q0 ∈ Rn×n. The quadratic running cost, ct, is based
solely on the control effort for the ELQR that feeds the RRT*
search as given by (13)

ct(xt, ut) =
1

2
uTt Rut (13)

where m is the dimension of the input and R ∈ Rm×m.
Equation (13) shows the L2 norm of the input for the cost
functional, which is the quadratization of the typical fuel-
optimal L1 norm. The total cost accrued from the initial state
to the final state can be found as the sum of the cost-to-come
and cost-to-go functions as seen in (14)

ŝ(xt,k) = st,k(xt,k) + ζt,k(xt,k)

=
1

2
xTt,k(St,k + Zt,k)xt,k + xTt,k(st,k + ζt,k)

(14)

where st,k, defined in (15), and ζt,k, defined in (35), are
functions of xt,k and represent the scalar cost-to-go and cost-
to-come, respectively. The other variables (14) uses are: the
cost-to-go matrix, St ∈ Rn×n > 0, defined in (23), the cost-
to-come matrix, Zt ∈ Rn×n ≥ 0, defined in (43), and k is
the iteration index for ELQR. The cost function is minimized
while accounting for the nonlinear dynamics by using the
forward and backward passes of the ELQR. The backward
and forward passes alternate starting with the backward pass.
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Backward Pass—The backward pass uses the cost-to-go func-
tion with the forward pass’ cost-to-come function to find the
optimal states for linearization [6]. The cost-to-go function
can be found in (15)

st,k(xt,k) =
1

2
xTt,kSt,kxt,k + xTt,kst,k (15)

where St,k and st,k are found through backward recursion
[6]. The backward pass starts with cost-to-go variables at the
terminal stage, t = L defined in (16)

SL = QL, sL = qL =
∂cL
∂xL

(x̂L)−QLx̂L (16)

where x̂L is the terminal linearization/quadratization point
from the forward pass, or the final linearization point dictated
by the designer [6]. The only variable in (16) dependent on
the iteration number, k, for this work is x̂L, since QL and qL
are constants. The recursion for St,k and st,k values starts at
t = L − 1 and continues until t = 0. Before the cost-to-go
at stage t can be found, the best estimate of the state at stage
t+ 1 is calculated in (17).

x̂t+1,k = −(St+1,k+Zt+1,k−1)
−1(st+1,k+ζt+1,k−1) (17)

The state and input at stage t can be found using the inverse
dynamics, g−1

t (xt+1, ut), and the inverse control policy, π−1,
as seen in (18) and (19).

ût,k = π−1
t,k−1(x̂t+1,k) (18)

x̂t, k = g−1
t (x̂t+1,k, ût,k) (19)

Equation (19) can be simplified for spacecraft rendezvous by
integrating the future state backwards to a previous state and
then subtracting the ∆V vector from the previous state.

The variables for the linearized forward dynamics can then
be solved for using (20) - (22), where κt is a linearization
error tracking term and Φt,k and Bt,k are the state transition
and discrete input matrices, respectively, at time t for the kth
iteration.

Φt,k =
∂gt
∂xt

(x̂t,k, ût,k) (20)

Bt,k =
∂gt
∂ut

(x̂t,k, ût,k) (21)

κt,k = x̂t+1,k − Φt,kx̂t,k −Bt,kût,k (22)

The algebraic equations for the cost-to-go variables are pre-
sented in (23) - (34)

St,k = Dt,k − CTt,kE−1
t,kCt,k (23)

st,k = dt,k − CTt,kE−1
t,k et,k (24)

Ct,k = Pt,k +Bt,kSt+1,kΦt,k (25)

Dt,k = Qt,k +ΦTt,kSt+1,kΦt,k (26)

Et,k = Rt,k +BTt,kSt+1,kBt,k (27)

dt,k = qt,k +ΦTt,kst+1,k +ΦTt,kSt+1,kκt,k (28)

et,k = rt,k +BTt,kst+1,k +BTt,kSt+1,kκt,k (29)

πt,k(xt,k) = Lt,kxt,k + lt,k (30)

Lt,k = −E−1
t,kCt,k (31)

lt,k = −E−1
t,k et,k (32)

qt,k =
∂ct
∂xt

(x̂t,k, ût,k)−Qt,kx̂t,k − PTt,kût,k (33)

rt,k =
∂ct
∂ut

(x̂t,k, ût,k)− Pt,kx̂t,k −Rt,kût,k (34)

where πt,k is the control policy. This implementation sets
Pt, the cross-cost matrix, equal to the zero matrix and rt =
qt = 0. Careful consideration of this work’s cost function
also reveals Qt,k to be the zero matrix at all points but the
initial and final points and Rt,k to be the constant R for all
intermediate states.

Forward Pass—The cost-to-come function is used to calculate
the past cost accrued between stage 0 and stage t and is given
in (35) [6].

ζt,k(xt,k) =
1

2
xTt,kZt,kxt,k + xTt,kζt,k (35)

Unlike the cost-to-go function, the cost-to-come function is
highly dependent on the linearized inverse dynamics, given
in (36)

xt = Ωtxt+1 +Υtut + σt (36)

where Ωt = Φ−1
t , Υt = −Φ−1

t Bt, and σ = −Φ−1κt. Like
the Backward Pass, the Forward Pass computes an estimate
of the state at the next stage and then linearizes about that
point. To compute the state at stage t + 1, first the state at
stage t is found using (37).

x̂t,k = −(St,k + Zt,k)
−1(st,k + ζt,k) (37)

The state at stage t+1 and input at stage t can be found using
(38) and (39)

ût,k = πt,k(x̂t,k) (38)

where πt is the control policy. It is important to note that ût,k
and x̂t,k are new values defined from (37) and (38) and not
values from the backward pass.

x̂t+1,k = gt(x̂t,k, ût,k) (39)

For the simplified satellite dynamics, (39) is the integration
of the state xt,k summed with the ∆V vector. The inverse
dynamics variables can be found by linearizing about the state
x̂t+1,k and input ût,k as seen in (40) - (42).

Ωt,k =
∂g−1

∂xt+1
(x̂t+1,k, ût,k) (40)

Υt =
∂g−1

∂ut
(x̂t+1,k, ût,k) (41)
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σt,k = x̂t,k − Ωt,kx̂t+1,k −Υt,kût,k (42)

The linearized inverse dynamics model can then be used to
find the cost-to-come variables and the control policy using
forward recursion as seen in (43) - (52).

Zt+1,k = Ht,k − ITt,kJ−1
t,k It,k (43)

ζt+1,k = ht,k − ITt,kJ−1
t,kmt,k (44)

Ht,k = ΩTt,k(Zt,k +Qt,k)Ωt,k (45)

It,k = ΥTt,k(Zt,k +Qt,k)Ωt,k + Pt,kΩt,k (46)

Jt,k = ΥTt,k(Zt,k +Qt,k)Υt,k +Rt,k + Pt,kΥt,k +ΥTt,kP
T
t,k

(47)
ht,k = ΩTt,k(ζt,k + qt,k) + ΩTt,k(Zt,k +Qt,k)σt,k (48)

mt,k = rt,k+Pt,kσt,k+ΥTt,k(ζt,k+qt,k)+ΥTt,k(Zt,k+Qt,k)σt,k
(49)

π−1
t,k (xt+1,k) = Nt,kxt+1,k + nt,k (50)

Nt,k = −J−1It,k (51)

nt,k = −J−1
t,kmt,k (52)

where π−1
t,k is the inverse control policy. The forward pass

starts with cost-to-come variables Z0,k set as the zero matrix
and ζ0,k = 0. The forward pass then iterates from t = 0
until the near-terminal stage t = L−1. ELQR ends when the
state estimates from the forward pass and the backward pass
converge or when the iteration count reaches a maximum.

Linearization of the CR3BP

The CR3BP equations of motion are linearized and then dis-
cretized as presented in the appendix for each state estimate in
the ELQR process. This linearization introduces error, which
is accounted for by ensuring the discrete time steps of the
ELQR process are small. It is important to note that ELQR
outlines a process that discretizes using integration and then
linearizes. The implementation used in this paper linearizes
first to form the variational vector equation, seen in (64),
and then integrates the State Transition Matrix (STM) for the
duration of the discrete time step. This method is preferred to
finite differencing, as finite differencing becomes inaccurate
as the discrete time step becomes smaller.

RRT* Sampling Region

All samples for the RRT* algorithms come from a safety
region tube defined in [9]. While the sampling occurs in
the safety region tube, the trajectories are allowed to depart
the area, permitted all intermediate points and rendezvous
points lie within the tube. The safety region tube, with a
radius of 3884 kilometers at apoapsis, is used to decrease
computational burden and to maintain the RPO safety region.
The resulting tube is shown in Figure 2.

Extended Linear Quadratic Regulator Informed RRT*

The ELQR-RRT* algorithm is an embedding of the ELQR
algorithm within the RRT* algorithm. The Steer and Cost
functions used in Algorithm 2 and Algorithm 3 are computed
using the ELQR algorithm. An example step in ELQR-RRT*
is as follows: sample the solution space, find the nearest node
using the cost function from ELQR, check for collisions, if

Figure 2. Safety region tube in CR3BP reference frame.

no collisions, add the node and trajectory from converged
ELQR from nearest node to new node, test whether the path
can reach the end target state of ELQR-RRT* using ELQR,
and then rewire the completed paths.

The ELQR-RRT* determines the intermediate points by ran-
domly sampling the solution space. The node’s position is
sampled from the preset spatial region shown in Figure 2.
The node’s velocity is determined by finding the spacecraft’s
velocity at the same x2 value along the NRHO and then
varying the velocity by the arbitrarily selected ±10.245,
±10.245, and±20.490 meters per second, for x4, x5, and x6,
respectively. A velocity vector is chosen for the intermediate
nodes to ensure that the terminal state cost matrix is positive
definite, as prescribed in [6].

Shooter-Informed RRT*

The Shooter-informed RRT* (S-RRT*) algorithm is an exten-
sion of RRT* that uses a multidimensional Newton-Raphson
shooter as the steer function in the RRT* algorithms [9].
Unlike ELQR, S-RRT*’s cost function is the L1 norm of the
input as shown in (53).

J =

L∑
t=0

|ut| (53)
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This work utilizes the simple impulsive guidance law gener-
ated by S-RRT* as a benchmark solution for ELQR-RRT*
and ASSET. S-RRT*’s trajectory design is composed of
two subroutines: the single-shooter and the pseudo-multiple-
shooter. The single-shooter is a straightforward extension of
the Newton-Raphson method to trajectory design. The single-
shooter is comprised of five steps as follows:

1. Integrate: The initial state, x0, is integrated using the non-
linear dynamics. The initial state for the NRHO rendezvous
problem has six variables, as given in (5).
2. Solve for the Constraint: This method is a multi-
dimensional root finder; therefore, the trajectory of interest
has been determined when the constraint returns the zero-
vector. The constraint is a spatial constraint requiring that
the final position matches the target position as given in (54)

F (x) =

[
xf,1 − xtarget,1
xf,2 − xtarget,2
xf,3 − xtarget,3

]
(54)

where xtarget,1, xtarget,2, xtarget,3 and xf,1, xf,2, xf,3 are
the positional coordinates of the target state and final state of
the trajectory respectively.
3. Determine the Derivative of the Constraint: In order to
guide the initial conditions to the target state, the derivative
of the constraint with respect to initial state variables is
necessary. The state variables that are varied are the velocities
of the initial state and the time of flight to simulate a ∆V
impulse.
This derivative can be solved for analytically or numerically
through finite differencing. An analytical method is used for
computational speed and is presented in (55)

DF (x) =
∂F (x)

∂xvary
=

[
Φ14 Φ15 Φ16 xf , 4
Φ24 Φ25 Φ26 xf , 5
Φ34 Φ35 Φ36 xf , 6

]
(55)

where x0,4, x0,5, x0,6 and xf,4, xf,5, xf,6 are the velocity
components of the chaser at the initial and final time, respec-
tively, xvary = [x0,4 x0,5 x0,6 τ ]

T , τ is time of flight,
and Φij is the component of the state transition matrix from
the ith row and the jth column solved for in (64).
4. Change the Initial State: Once the constraint, derivative of
the constraint, initial state, and final state are found, the initial
state’s velocity vector and time of flight can be adjusted to
arrive at the target node using (56) [31].

xi+1
vary = xivary − [DF (xi)]−1F (xi) (56)

After xvary for the ith iteration is changed, using (56), the
initial state x0 is altered, and the process repeats.

Multiple-shooters are typically used to discretize a trajectory
with sensitive dynamics into multiple segments and then
correct each segment [31]. If all of the points lie on the
same trajectory, then the constraint function is to ensure
that the trajectory is continuous. A continuous constraint is
guaranteed by ensuring that the final state of the first point,
xfirst, is the same as the initial state of the second point,
xsecond, and so on.

S-RRT* utilizes a pseudo-multiple-shooter to generate a tra-
jectory from the current sample in the RRT* algorithm to the
chaser spacecraft’s state. A pseudo-multiple-shooter allows
the constraint to account for the moving position of the target
spacecraft. The constraint for the rendezvous trajectory is to
match the position of the target spacecraft at the end of the

safety region and is in a similar form to (54). This trajectory
is assumed to be the most cost-effective by allowing the
longest coast time to the target. The shooter trajectory does
not account for the velocity matching the target spacecraft.
Therefore, S-RRT* includes the cost of a final approach
burn by adding the norm of the difference between the final
velocity vector of the target and chaser spacecraft.

ASSET Optimization

Optimization through ASSET discretizes the optimal control
problem into a nonlinear program that can be solved using
direct optimization. For this work, ASSET discretizes the op-
timal control problem using cubic Legendre-Gauss-Lobatto
(LGL) collocation and optimizes the resulting nonlinear pro-
gram with it’s native Parallel Sparse Interior-point Optimizer
(PSIOPT) [12]. A solution of this type requires an initial
guess, which is generated using the pseudo-multiple-shooter
from the S-RRT* algorithm.

ASSET’s direct optimization can utilize a non-quadratic cost
function and can natively handle constraints outside of the
cost function. ASSET is therefore able to handle the L1
norm cost function, shown in (53) to provide the fuel-optimal
solution. Instead of weighting the cost function to ensure
the spacecraft starts and ends at the required states, these
constraints can be formulated as equality constraints for the
system in (57)-(58).

h1(xt=0) = xt − x0 (57)

h2(xt=L) = xt − xtarg (58)

where xtarg references (11). To prevent collisions between
the vehicle and obstacles, a constraint is set in (59), where the
state of each obstacle is determined using cubic interpolation
of the obstacle’s states. Equation (59) uses xob,i,j as the state
of the ith object at time j, ri as the radius of the ith object, 0̄
as the zero vector, and ψ as the number of obstacles.

g1(xt) =

 |xt − xob,1,t| − r1|xt − xob,2,t| − r2
...

|xt − xob,ψ,t − rψ|

 ≤ 0̄ (59)

The final inequality constraint aids in the convergence of the
optimizer by assuming the control rates cannot be greater than
an arbitrary value. For this study the control rates cannot have
a value larger than 10 nondimensional units of jerk as seen in
(60)

g2(ut) =
1

∆t

[||ut,1 − ut−1,1||
||ut,2 − ut−1,2||
||ut,3 − ut−1,3||

]
−

[
10
10
10

]
≤ 0̄ (60)

where ut, i is the ith control at time t and ∆t is the time
between t − 1 and t. ASSET’s optimizer is set to ensure the
convergence tolerance for the Karush-Kuhn-Tucker, equality,
inequality, and barrier infeasibility is less than 1e−6, so the
optimizer returns a locally optimal trajectory. It is important
to note that the ASSET solution directly solves (6) and does
not assume impulsive control. The ∆V cost for the ASSET
solution can be found by numerically integrating the control
effort, providing a direct comparison to ELQR-RRT* and S-
RRT*.
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4. RESULTS
The Results section is composed of the methods undergone
to tune the ELQR-RRT* and S-RRT* algorithms as well
as the comparative analysis of ELQR-RRT*, S-RRT*, and
ASSET’s cubic LGL collocation solution. The guidance
solutions are compared by considering a rendezvous for
two satellites in a string of pearl formation. Three passive
satellites will also be considered for this study and will act as
moving obstacles during the RPO. The satellites will have the
same configuration as [9], as shown in Figure 3.

Figure 3. Target and Obstacles Initial and Final States

The obstacles shown in Figure 3 start with mean anomalies of
92.5°, 105°, and 150°. The chaser and target spacecraft have
initial mean anomalies of 130° and 80°, respectively. The
mean anomaly of the NRHO is defined like that of the mean
anomaly for Keplerian orbits, as seen in (61),

M = 2π
tp
T

(61)

where tp is the time since periapsis and T is the period of the
orbit [34].

As discussed in [9], when the chaser spacecraft enters the safe
rendezvous region, the target spacecraft has been in the safety
region for around 21.875 hours. Therefore, the time of flight
(TOF) is about 65.625 hours, since the satellites are in the
safety region for approximately 87.50 hours on their NRHO.
The RRT* algorithm is not bounded by ensuring every node
is within a set connection distance, allowing for an entirely
uniform random sampling of the solution space [9].

The keep-out radius for the three passive satellites is arbi-
trarily set to 50 kilometers to limit the solution space. The

chaser’s approach angle, with respect to the target spacecraft,
is not considered. This section reveals that ELQR-RRT*
generates safe trajectories that approach the ASSET solution
for continuous dynamics. As the cost function for ELQR-
RRT* can be seen as the quadratization of the L1 norm, the
L1 norm of each trajectory is compared. It is important to
note that for the same algorithm using a L1 or L2 norm
can result in different costs; therefore, this work cannot rely
solely on a quantitative analysis. Currently, there is work to
bridge the gap between L1 and L2 optimization, such as the
algorithm proposed in [33]. S-RRT* and ASSET are shown
to require less control effort than ELQR-RRT*, but ELQR-
RRT* still provides a smooth, low-cost trajectory.

ELQR-RRT* Tuning

Before the ELQR-RRT* and S-RRT* results can be com-
pared, the ELQR-RRT* is tuned to ensure the lowest cost tra-
jectory is generated for the RPO. The cost functions presented
in (12) - (13) are driven by the tracking error weight matrix at
the initial stage and terminal stage, Q0 and QL, respectively,
and the input weight matrix, R.

Manual tuning of the ELQR-RRT* weight matrices is re-
quired to obtain an acceptable accuracy for a cislunar transfer.
The weight matrices for this work are set as Q0 = QL =
(105)I6×6 and R = (0.05)I3×3, where Ii×j is a i× j identity
matrix. With the given weight matrices, the ELQR-RRT*
process is able to arrive within 7.6788 kilometers of the target
spacecraft’s final position, with a step size of 1.312 minutes.
The accuracy of the ELQR-RRT* algorithm does not permit
the spacecraft to arrive within 0.1 kilometers of the target
spacecraft, the requirement to switch from a rendezvous to
a docking procedure outlined in [23], but is well within the
100 kilometer approach required for far cislunar rendezvous,
provided in [35].

The accuracy of the ELQR’s convergence depends linearly
on the integration step size for step sizes of 1.75 - 26.25
minutes. The target miss distance was found to range from
approximately 11.00 - 166.65 kilometers for step sizes of
1.75 - 26.25 minutes for the ELQR-RRT* guidance solution
of the NRHO rendezvous. With step sizes smaller than
1.75 minutes, the accuracy produces diminishing returns for
increased computational effort. The integration step size is
therefore set to 1.75 minutes to ensure a computationally
efficient and accurate solution.

To ensure a near-optimal solution for the ELQR-RRT*, the
TOF is optimized for transfers to intermediate nodes. Tem-
poral optimization is possible for future implementations of
ELQR-RRT*; however, for this work, the TOF is optimized
manually. To explore the effect that the TOF has on the
∆V cost, the ELQR-RRT* is iterated with 50 samples for an
intermediate TOF of approximately 5.2110 to 56.2785 hours
with a time step of 2.6250 minutes. The variable design is
presented in Figure 4.

Figure 4 reveals a jagged ∆V response to time-of-flight,
which is expected considering the optimal sample varies as
the TOF increases. The spacecraft rendezvous problem has a
cost that is tightly coupled to the rendezvous time; therefore,
it is safe to assume that as the TOF increases, the optimal
intermediate node will change as seen in Figure 4. There are
several alternatives to this TOF analysis, such as expanding
the solution space to include the TOF as a random variable
or restricting the distance of the nodes and TOF to generally
optimal times for the node distance.
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Figure 4. ELQR-RRT* Time of Flight Optimization

S-RRT* Tuning

The S-RRT* search is tuned in [9], resulting in an optimal in-
termediate time of flight (TOF) of about 0.1 nondimensional
units (10.42 hours). Although the TOF is a free variable
in the shooting algorithm, the tuning of S-RRT* allows
a comparative analysis without concern of time-optimality
skewing results. The intermediate TOF for ELQR-RRT* and
S-RRT* are set at 17.72 and 10.42 hours, respectively.

Comparative Analysis

This section provides a comparison of ELQR-RRT* and S-
RRT* after tuning the TOF to be optimal for the samples
provided. This section also compares both solutions to the
ASSET solution. Fifty samples of the solution space for
ELQR-RRT* and S-RRT* were used in this analysis, result-
ing in a total ∆V or L1 norm cost of approximately 0.2139,
0.1942, and 0.1220 kilometers per second for the guidance
laws generated by ELQR-RRT *, ASSET and S-RRT *,
respectively. The resulting trajectories for the guidance laws
can be seen in the relative reference frame given in Figure 5.

Figure 5 reveals that ASSET, S-RRT*, and ELQR-RRT*
follow similar paths and validate the ability of S-RRT* and
ELQR-RRT* to approach the optimal solution quickly with
only 50 samples. To further analyze the results of ELQR-
RRT*, S-RRT*, and ASSET’s solutions, the control effort for
each algorithm is provided in Figures 6 - 8.

Figures 6 - 8, along with the total cost of the trajectories,
show that the more strictly the guidance laws can implement
impulse and coast trajectories, the more cost effective they
are. Further analysis of Figure 7 and Figure 8 reveal that
ASSET reaches the max control rate constraint and generates
a control response with a fixed slope at the beginning and
end of the trajectory. The ELQR-RRT* response shown in
Figures 6 - 8 presents a quasi-continuous impulsive control
effort with discontinuities due to the abrupt switching of
targets.

To compare the fuel optimality of ELQR-RRT*, S-RRT*,
and ASSET, the L1 norm cost for all solutions is shown
in Figure 9. Figure 9 proves that ELQR-RRT* is able to
achieve a similar magnitude L1 norm cost with regards to that
of ASSET and S-RRT*, despite requiring impulsive burns
every 1.75 minutes. The comparison provided by Figure 9
also shows how similar the ASSET and S-RRT* solution is
and how the the L2 norm and additional cost function terms
change the behavior of the fuel-optimality of ELQR-RRT*.
Further work with ELQR that allows for a coasting arc, more
complex engine constraints, and techniques that close the gap

in L1 and L2 norm optimality can allow for a more optimal
trajectory usable for specific mission design.

It is anticipated that as ELQR-RRT* increases the sample
size, the trajectory will become more optimal, allowing for
an asymptotically optimal solution to the constraints imposed
by ELQR-RRT*. An analysis of the total ∆V cost of ELQR-
RRT* with respect to sample size can be seen in Table
1, where the random seed numbers are those utilized by
Python’s random library.

Table 1. ELQR-RRT* Cost Given Sample Size

Sample Size Random Seed ∆V

10 20 0.44383 km/s
25 20 0.37817 km/s
50 20 0.25813 km/s

300 20 0.22534 km/s
10 30 0.32071 km/s
25 30 0.30968 km/s
50 30 0.21387 km/s

300 30 0.21387 km/s
10 40 0.48579 km/s
25 40 0.27028 km/s
50 40 0.24473 km/s

300 40 0.22778 km/s
10 50 0.22655 km/s
25 50 0.22655 km/s
50 50 0.22655 km/s

300 50 0.19820 km/s

Table 1 shows a general trend of asymptotic optimality with
several outliers, where a near-optimal point is found earlier
in the sample group. The outlier group for random seed 30
was temporally optimized at 50 samples, thereby providing
a fuel-optimal trajectory earlier than 300 samples. These
results support asymptotic optimality of the ELQR-RRT*
algorithm and present that after 50 samples ELQR-RRT*
can reliably present near-optimal guidance solutions for the
NRHO rendezvous. Table 1 also presents that with the correct
node sampled, ELQR-RRT* can come within 4 meters per
second of the cost of the ASSET trajectory, proving that
ELQR-RRT* can approximate the locally optimal trajectory
shown with ASSET’s cubic LGL collocation scheme.

5. CONCLUSION
This paper presents the Extended Linear Quadratic Regulator-
informed Rapidly-exploring Random Tree (ELQR-RRT*)
search as a method to generate near-optimal guidance laws
for nonlinear dynamics and obstacles. This work also demon-
strates how to linearize the CR3BP for an impulsive state-
space model and reveals the tuning process for the ELQR-
RRT* algorithm. The comparative analysis completed in this
work verifies the RRT* guidance solutions. S-RRT* finds
the locally optimal solution for a 9:2 L2 Southern NRHO
rendezvous with only 50 samples and ELQR-RRT* is shown
to produce near-optimal low-cost trajectories with 50 to 300
samples.

The ELQR-RRT* is shown to have accuracy errors due to
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Figure 5. ELQR-RRT* vs. S-RRT* In Reference Frame Relative to Target Spacecraft

Figure 6. Control Effort u1
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Figure 7. Control Effort u2

Figure 8. Control Effort u3

the use of tracking terms in the cost function. ELQR-
RRT* also optimizes the L2 norm of the input with a quasi-
continuous control response, making the control solution less
fuel-optimal than the strictly impulsive guidance solution
presented by the Shooter-based RRT* (S-RRT*). Despite the
drawbacks of ELQR-RRT*, it is able to approach the locally
optimal solution of ASSET’s LGL collocation and can be
adjusted for preliminary, mission-specific guidance solutions.

Future work is anticipated to include a numerical optimiza-
tion of the ELQR-RRT* algorithm and speed comparisons
with ASSET’s and S-RRT*’s solutions. Further studies are
also recommended to investigate the addition of temporal op-
timization, as well as engine constraints, coast phases, and L1
and L2 norm bridging methods to the ELQR-RRT* guidance

algorithm. Further work is anticipated to increase accuracy
and fuel-optimality. This study may also be extended to
ephemeris models or other complex nonlinear systems.

APPENDIX
This section contains the linearization and discretization of
the CR3BP for use by the ELQR. The CR3BP can be lin-
earized by using a Taylor series expansion and then neglect-
ing the higher-order terms [30]. The linearized matrix for the
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Figure 9. L1 Norm or Total ∆V

CR3BP, A, is given in (62)

A =


0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
U∗
xx U∗

xy U∗
xz 0 2 0

U∗
xy U∗

yy U∗
yz −2 0 0

U∗
xz U∗

yz U∗
zz 0 0 0

 (62)

where U∗
ij is the partial derivative of the pseudo-potential

function U∗ given in (63) with respect to i and j.

U∗ =
(1− µ)
d

+
µ

r
+

1

2
(x2 + y2) (63)

The linearizedAmatrix is time and state dependent [30]. The
A matrix is calculated at every linearization point and then
forms the state transition matrix through the variational vector
equation seen in (64).

Φ̇(t, t0) = AΦ(t, t0) (64)

By setting t0 to be the time of the current state and setting
t = t0 + ∆t, where ∆t is the discrete time step for the
simulation, the CR3BP can be linearized and discretized. The
input for this problem assumes impulsive ∆V burns, meaning
an instantaneous change in velocity is performed at each
timestep allowing the input matrix to take the form seen in
(65) [23].

B(t, t0) = Φ(t, t0)


0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

 (65)

The discrete time dynamics for the CR3BP equations of
motion can be constructed as given in (66)

xt+1 = Φ(t+ 1, t)xt +B(t+ 1, t)ut (66)

where xt+1 and xt are the future and present states of the
third primary, or spacecraft of interest.
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