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Control Policy Determination

T T T > time
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@ Information at time t: Everything that has happened in [tp, ]
@ Prediction at time t: Everything that might happen in (t, t¢]

Control Policy = { Input, , t € [to, t¢] }

Ali Pakniyat (Georgia Tech) Stochastic Hybrid Optimal Control August 22, 2019 2/



Control Policy Determination

T T T > time
to t tr

@ Information at time t: Everything that has happened in [tp, ]
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Control Policy Determination

T T T > time
to t tr

@ Information at time t: Everything that has happened in [tp, ]
@ Prediction at time t: Everything that might happen in (t, t¢]

Control Policy = { Input: , t € [to, tf] }
@ Closed-Loop Policy: Input; = Function(t, Information;, Prediction;)

e Feedback Policy: Input; = Function(t, States, |(?)|)
t
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-
Insufficiency of Pure State Feedback

Stochastic Hybrid Dynamics

Switching Manifold
( )
dxt = Aq0 Xt + qu ut ) dt + G dwy 0 %,
G = 0
dee = (Aqyxe + Boyu) dt + G dwg 1
o
i
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-
Insufficiency of Pure State Feedback

Stochastic Hybrid Dynamics

Switching Manifold

dxt = (Aggxt + Bgqut ) dt + G dwy 0 %q,
(Adoxe + Bague) <[
dxe = (Aql xt + By ut) dt + G dwt 1

Switching Manifold

o)
L 4 o o

0 05
x(T—) = xp— = thT";— Xt 05 XM

Optimal Input Structure

u? = Function(t, Xt,\LI;:t"{T}véEtu{XT*})

Ali Pakniyat (Georgia Tech) Stochastic Hybrid Optimal Control August 22, 2019



Insufficiency of Pure State Feedback

Stochastic Hybrid Dynamics Swiching Wanfoid
%
dxt = (Aggxt + Bgqut ) dt + G dwy 0 %,
(A0 o) 6= o
dxe = (Aqyxe + By ur) dt + G dwy 1

Switching Manifold

X
LN 4L o o

[\,f (2 ;""(o U\ BW&V? [ =r -
e s el :

0 0.5

x(T—) = xp— = tllTrr;_ Xt

Optimal Input Structure

u? = Function(t, Xt,\LI;:t"{T}véEtu{XT*})

@ For t > 7 the information of ]Et{T}, IE!{XT_} are contained in the hybrid state h: = (g1, x¢).
R3 <

@ For t < 7 the values of Et{T} and ]Et{x,-,} are parts of predictions.
< R3
v
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Presentation Outline

From Information (History) to State
@ Hybrid State
@ Hybrid Input
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Presentation Outline

From Information (History) to State
@ Hybrid State
@ Hybrid Input

The Missing Component

@ Process—Process Duality: Adjoint Process (Minimum Principle)

@ Measure—Function Duality: Value Function (Dynamic Programming)
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Presentation Outline

From Information (History) to State
@ Hybrid State
@ Hybrid Input

The Missing Component

@ Process—Process Duality: Adjoint Process (Minimum Principle)

@ Measure—Function Duality: Value Function (Dynamic Programming)

Computation and Implementation
@ Linear Dynamics and Quadratic Costs
@ Polynomial Dynamics and Costs

@ Generally Nonlinear Dynamics and Costs
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Part |

From History to the Notion of Hybrid State
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Flow of a Dynamic System

(State)s = Flow (t; to, (State)s,, [Input]},))
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Flow of a Dynamic System

(State)s = Flow (t; to, (State)s,, [Input]},))

Deterministic System

he = @ (tito, huy, 1) = (85,0 (5: to, g, 15)

;)
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Flow of a Dynamic System

(State)s = Flow (t; to, (State)s,, [Input]},))

Deterministic System

ht =@ (tv th ht07 /t%) =@ (t;S,QO (5; t07 hto7 l%) 7l5t)

Stochastic System

(Q,S, t,P) Filtered Probability Space

P(ht € By | to, hey, I / ht € By | s, hs, S>dP<h5 | to,hto,/;‘o)

v
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-
The Notion of Hybrid State

hf:{if}’ g € Q, |Q| <oo; xx €R™
Discrete Dynamics - Finite Automata
: Jo01 : 012 023
J20 =
31
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-
The Notion of Hybrid State

hf:{if}’ g € Q, |Q| <oo; xx €R™
Discrete Dynamics - Finite Automata
: Jo01 : 012 023
J20 =
31

Continuous Dynamics

Fix I, t, h;. Then for infinitesimal increment(s): dt (and dw):

0
flh (va uf)dt + &g (Xt)dw

dht:d|: z: i| :Qo(t;thhtovIﬂW)_Qo(t'i'dt;tO:htoul)W):
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-
The Notion of Hybrid State

hf:{if}’ g € Q, |Q| <oo; xx €R™
Discrete Dynamics - Finite Automata
: Jo01 : 012 023
J20 =
31

Continuous Dynamics

Fix I, t, h;. Then for infinitesimal increment(s): dt (and dw):

0

qe
dh: = d = p(t; to, hey, 1, — o (t 4+ dt; to, hyy, 1, =
! |: Xt i| v ( 0o W) v ( * 0> Mo W) flh (va uf)dt + 8q; (Xt)dw

Hybrid Input
@ Discrete input o interacts with (activates) the discrete state g updates.

@ Continuous input u interacts with the evolution of the continuous state x.

R RIS
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-
Electric Vehicle with Dual Planetary Transmission

Vehicle and Battery
| N 1/ P, CdA V2
//2 /

/

mgC,cosy

Transmission
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|
Hybrid Input — Discrete Component

Dual Planetary Transmission [Patent US 9,702,438 B2]
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|
Hybrid Input — Discrete Component

Dual Planetary Transmission [Patent US 9,702,438 B2]

[ PR I
o
ot
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Vo
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Electiic
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Input Shal Qutpu Shaft
o To
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Electric
Motor Wieels
and
Vehicle

Power transmission in the first gear
© mission in the first gea = Brake engaged

Power transmission during the gear shift
= Brake slipping

Power transmission in the second gear
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Hybrid Input — Discrete Component

Input Shalt {} Two-Specd Seamless Transmission {1 Output Shaft
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Elcctric rive
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Veicle \ .
— | ol
Tnput Shaft Output Shaft /
Oy
Electric e
Motor Wheels
and
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oy -
0 e
Electric ¢ e
Motor Wheels
== and
Ring Velicle
bike T

Power transmission in the first gear = Brake engaged
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-
Stochastic Hybrid Systems

(2,8,8% P)

Continuous Dynamics:
dxq; (t) = fg; (xq; (t), ug; (t)) dt + gq; (xq; (t)) dw, t € [t;, tiy1) J

Discrete Dynamics:
a(5) =T (0 (45=) x4 (5-): 7, 1q) )

Switching Manifold and Jump Transition Map:

T C (t-)) =

=0,

X‘?j (tJ) = £qu—1qj (qufl (tji)) = €UQj_1Qj (Iti,?;jxqjl (t)>

Assumptions on Diffusions:

8&p (éga,p (X)) =&oqp (&g (x)) s
(8q (x), Vmgp(x)) =0

v
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Stochastic Hybrid Optimal Control Problem

Total Cost
L tir1
J(to, tr, o, L; 1) :_E{Z/ lo; (Xq; (5),u(s)) ds
i=0 Vi

3 oy 1o (5039 (57)) + hxa (n))}

Jj=1

Cost-to-Go

‘ L
J(t.q.x Lj+ 1 ljn) = E {/ lo (x,u)ds + 3 Coq, g, (tisXa 4 ()
t

i=j

L tit1
-‘rZ:/t lg; (xq; (s),u(s)) dS-i-h(qu(t,r))}

v

Value Function

V(t,q,X,L—j—i—l):linf

L—j+1

{E Ut qx L—j+1; /L—j+1)}}

v
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Part |l

Duality Relationships
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Process—Process Duality
[t6's Lemma

dZ (t) = b(t)dt+ o (t) dw (t)
dZ (t) = b(t)dt + 6 (t) dw (t)
Then for » > 71:
(Z(r).2 () = (Z(n). 2(m))
+ / {(Z(5).5(s)) + (b(s).2()) + (o (5), 5 (s)) } s
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Process—Process Duality
[t6's Lemma

dZ (t) = b(t)dt+ o (t) dw (t)
dZ (t) = b(t)dt + 6 (t) dw (t)
Then for » > 71:
(Z(r).2 () = (Z(n). 2(m))
+ / {(Z(5).5(s)) + (b(s).2()) + (o (5), 5 (s)) } s

* /:2 {<"(5) ’ 2(5)> + <Z(s),€r(s)>} dw (s)

v

Processes Z and Z are adjoint pairs if

E <Z(Tz) : 2(7‘2)> 2 <Z(n),2(ﬁ)> : t € [to, 00)

t
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Process—Process Duality

Needle Variation

ug, (s) if th<s<t

v if t<s<t+e
uc(s) =4 ug (s) if t+els<T—6°
ug, () if T—6<s<T

ug, (s) if T<s<tr

xa‘(t, +6t)

y(s) :== lim

x5 (8) = x3.(s)
e—0 €

B VmTy(r-)

y(7) = Véy (t—) + Vmquo (fql - Véfqo)

[qu + 5x] (t; +6t)

¢ [qu + ﬁx] t-)

4
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Process—Process Duality

Duality of (zs,ys) and (1, \s) in the Stochastic Minimum Principle

a’a,( u?) 0
Zs Ys
d [ } = s ds+ | ae..(x° dw
2 [ vl ] (i),

1 ’ y
T
d{ N } = 7@/%_({;5,“;) B |:0fqi(8)f,u:):| A, ds + { K. } dw
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Process—Process Duality

Duality of (zs,ys) and (1, \s) in the Stochastic Minimum Principle

g (x2.u2) 0
Zs  ox s
Vs %;’“s) . %j)ys
0
1 i y
d |: A :| = 78/5,’.(‘;5#:) . |:0fqi(8)f,ug):| Al ds + |: K. :| dw

@ (zs,ys) are forward linear processes resulted from variations around optimal processes
o

(1, X\s) are backward linear processes, adjoint to the future values of (zs, ys) by

E |z, + <y72,A72>] = gE;[Zn + <yﬂ7’\ﬂ>]

St
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Process—Process Duality

Duality of (zs,ys) and (1, \s) in the Stochastic Minimum Principle

Alg; (x2,u2) 0
Zs T ok S
Vs %;’“s) . %j)ys
0
1 T y
d |: A :| = 78/5,’.(6)(5#:) . |:0fqi(8)f,ug):| Al ds + |: K. :| dw

@ (zs,ys) are forward linear processes resulted from variations around optimal processes
o

(1, X\s) are backward linear processes, adjoint to the future values of (zs, ys) by

E |z, + <y72,A72>] = gE;[Zn + <yﬂ7’\ﬂ>]

St

In particular, the positivity of cost variations over the cone of variations
(zs, ys) translates into those on Hamiltonian functions in (1, As)
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|
Stochastic Hybrid Minimum Principle (SHMP) [CDC 2016]

Hg (xq; ug; Aqy Kq) := lg (xq; uq) + /\;fq (xqs uq) +tr [Kngq (Xq)]
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|
Stochastic Hybrid Minimum Principle (SHMP) [CDC 2016]

Hg (xq; ug; Aqy Kq) := lg (xq; uq) + /\;fq (xqs uq) +tr [Kngq (Xq)]

up = arg inf Hg, (x3(t), ug(t), Ag(t), Kq (1))

Hamiltonian Minimization
uq(t)€Uq, J
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|
Stochastic Hybrid Minimum Principle (SHMP) [CDC 2016]

Hg (xq; ug; Aqy Kq) := lg (xq; uq) + /\;fq (xqs uq) +tr [Kngq (Xq)]

Hamiltonian Minimization

U? = arg inf H‘h (X:;(t)v UQ(t)7>‘g(t), K;(t))
uq(t)€Uq, )
Hamiltonian Canonical Equations
o 8H o o (o} o aH o o
dxq° = 6}: (q, Ugy Ags K) aKq(q,uq,)\ K)d
dre® =~ (o Lo re KoY dt + Kodw,
an v
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|
Stochastic Hybrid Minimum Principle (SHMP) [CDC 2016]

Hq (xq; uq; Aq, Kq) :=

Hamiltonian Minimization

lq (xq, ug) + /\;fq (xqs uq) +tr [Kngq (Xq)]

U? = arg inf H‘h (Xc(;(t)v UQ(t)7>‘g(t), K;(t))
uq(t)€Uq, )
Hamiltonian Canonical Equations
o OHqge o 0 yo o aH o o
dxq° = 8)\1 (q, Ugy Ags K)dt—|— K, (q,uq,)\ K)d
H o
dA° = _8an (2, 48, A2, KC) dt + Kodw,
q y
State Boundary Conditions
x5, (1) = x0, x5 (6) 2 &y, (5, (67))
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|
Stochastic Hybrid Minimum Principle (SHMP) [CDC 2016]

Hg (xq; ug; Aqy Kq) := lg (xq; uq) + /\;fq (xqs uq) +tr [Kngq (Xq)]

Hamiltonian Minimization
U? = arg inf H‘h (Xc(;(t)v UQ(t)7>‘g(t), K;(t))

uq(t)€Uq, )
Hamiltonian Canonical Equations
o OHqge o 0 yo o aH o o
dxq° = 6):, (q, Ugy Ags K)dt—|— aKq(q,uq,)\ K)d
H o
dA° = _8an (2, 48, A2, KC) dt + Kodw,
q y
State Boundary Conditions
x5, (10) = o, x5 (6) 2 &y, (5, (67))

Adjoint State Boundary Conditions

° T
M N () = [85"%1‘0} Ag (G+ )+pag7qj 1q’JraCUq”l’qf

n

A (tr E )
a (t) g ) gj—1 Oxg O
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|
Stochastic Hybrid Minimum Principle (SHMP) [CDC 2016]

Hg (xq; ug; Aqy Kq) := lg (xq; uq) + /\;fq (xqs uq) +tr [Kngq (Xq)]

Hamiltonian Minimization

U? = arg inf H¢7r (Xc(;(t)v Uq(t)7)\3(t), K;(t))
uq(t)€Uq, )
Hamiltonian Canonical Equations
o OHqge o 0 yo o OHge o 0 yo o
C/Xq = 8)\1 (Xq7 Ug, A(h Kq) dt + 8qu (Xq7 Ug >‘q’ Kq) dW’
H o
dA® = _88); (x¢, ug, NS, KS) dt + K dw,
State Boundary Conditions
x5, (10) = o, x5 (6) 2 &y, (5, (67))
Adjoint State Boundary Conditions
oh(xs,(¢r)) oy 1] om dcs
2O (t) 22 2\ £) 2 9j—1:9j X\ (t: qj—1,9j 9j—1,9j
qL ( f) anL ) qj—1 ( J) |: anj71 qj ( J+)+p 8qu71 + anj71
Hamiltonian Boundary Conditions
o T oT
Hg;_, —tr [qu_l gqul] . = Hg —tr [qu gqj] -
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|
Killed Markov Processes [CDC 2019 (accepted)]

\ \ \ \ > time
0 t S T
Dynamics (Itd differential equation)
dxs = f (xs, Us) ds + g(xs)dws, x e X°
dxs = 0 ds + 0 dws, x € X?
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Killed Markov Processes [CDC 2019 (accepted)]

T T T T —> time
0 t S 0 T
Dynamics (Itd differential equation)
dxs = f (xs, Us) ds + g(xs)dws, x e X°
dxs = 0 ds + 0 dws, x € X?

First Arrival Time 6 on the Boundary X?
Xg— = Xxp € X?
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|
Killed Markov Processes [CDC 2019 (accepted)]

T T T T —> time
0 t S 0 T
Dynamics (Itd differential equation)
dxs = f (xs, Us) ds + g(xs)dws, x e X°
dxs = 0 ds + 0 dws, x € X?

First Arrival Time 6 on the Boundary X?
Xg— = Xxp € X?

Total Cost
min{6, T}
J(t,x,u) =E¢, / I (xs, us) ds
t
+ e 1) (0) - €(0,x0) + I, 1(0) - L (x7) }
Ali Pakniyat (Georgia Tech) Stochastic Hybrid Optimal Control




Occupation Measures

Input-State-Time Occupation Measure

p (Be, BS, B,) = E;X/ Igo(xs) - Ig, (us) ds,
B:N[t,T)
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Occupation Measures

Input-State-Time Occupation Measure

p (Be, BS, B,) = E;X/ Igo(xs) - Ig, (us) ds,
B:N[t,T)

Switching State-Time Occupation Measure
0 (B BY) = Pl (T 7ys, (6) = 1, x5 € BY),
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Occupation Measures

Input-State-Time Occupation Measure

p (Be, BS, B,) = E;{X/ Igo(xs) - Ig, (us) ds,
B:N[t,T)

Switching State-Time Occupation Measure
0 (B BY) = Pl (T 7ys, (6) = 1, x5 € BY),

Terminal State Occupation Measure
K (Be) = P, (]I[LT)(H) =0, x%c BX).
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Occupation Measures

Input-State-Time Occupation Measure

p (Be, BS, B,) = E;{X/ Igo(xs) - Ig, (us) ds,
B:N[t,T)

Switching State-Time Occupation Measure
0 (B BY) = Pl (T 7ys, (6) = 1, x5 € BY),

Terminal State Occupation Measure
K (Be) = P, (]I[LT)(H) =0, x%c BX).

Defining Mg := {(p",n", k") : u € U} we obtain:

V(ex) = inf (Lt + () + (L) )

(/I‘urnurﬁu)EMS

v
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Reformulation

Infinitesimal Operator

v (t, dv (t, 1 v (t,
vt = 2820 4 () 28D 1 D (o7 25
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Reformulation

Infinitesimal Operator

AV (£, %) = avgt,x)

et 2200

2 Ox2

2
1 o <ng 0 v(t,x))

v

Dynkin Formula

B v (7,x7) = B {7y (0) - v (6, %0) + 16, 1)(8) - v (T xr) |

min{6,T}
— v (t,x) +ng/ A¥y (s, %) ds
t

v
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N
Reformulation

Infinitesimal Operator

v (t, dv (t, 1 v (t,
vt = 2820 4 () 28D 1 D (o7 25

v

Dynkin Formula

B v (7,x7) = B {7y (0) - v (6, %0) + 16, 1)(8) - v (T xr) |
min{6,T}
— v (t,x) +ng/ A%y (s, x5) ds
t

Defining the adjoint A* to be one satisfying (.Av, ,u,> = (v, A*,u) we obtain

77u_i_ﬁu :5t,x+A*Mu

v
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N
Weak Problem

A Convex Subset of Signed Measures
Define My, := Mpg N M4, with

Mps ={M = (s, 1,%) € M, (10, T x X x U) [ M| < T~ t+1}

Mo ={M = (,1,5) € M (10, TI X X x U) 51+ 55 = G+ A"t |

v
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N
Weak Problem

A Convex Subset of Signed Measures
Define My, := Mpg N M4, with

Mps ={M = (s, 1,%) € M, (10, T x X x U) [ M| < T~ t+1}

Mo ={M = (,1,5) € M (10, TI X X x U) 51+ 55 = G+ A"t |

Weak Problem

W (t,x):= Mrg/i\zlwﬂ,u) + (E,n) + <L,I<é> < V(t,x)
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N
Weak Problem

A Convex Subset of Signed Measures
Define My, := Mpg N M4, with

Mps ={M = (s, 1,%) € M, (10, T x X x U) [ M| < T~ t+1}

Mo ={M = (,1,5) € M (10, TI X X x U) 51+ 55 = G+ A"t |

v

Weak Problem

W (t,x):= Mrg/i\zlwﬂ,u) + (E,n) + <L,I<é> < V(t,x)

Dual Problem
W (t,x) = sup{v(t,x) v e C?([0, T] x X),

0 T
Av+1>0, v2—-¥¢<0, v —L<O
Ali Pakniyat (Georgia Tech) Stochastic Hybrid Optimal Control




-
Equivalence of the Strong and Weak Problems

W (t,x) = L hi (M) — h (M)

h (M) — <I:IJ‘>+<£)77>+<L7“> ifME(ﬂvT]’H)GMPB
! ' +o0 otherwise

o (M) ::{0 if M= (p,m, k) € My

—oo otherwise

Legendre-Fenchel Transform

()= sup () (o + (TR = (o + (En) + (L))
MeMpg
C0 = — Iim,-_mo AV,‘
lim; oo vi (t,x) if ¢ ¢ =limj_ o0 v,.‘9
h3 (c :: |nf {(c ,u) + <c n) +<c n)} ¢’ =limjiLo0 vI.T
—00 otherwise

v
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Part Il

Numerical Algorithms
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Polynomial Approximation

Stone—Weierstrass Theorem

Over the compact domain [0, T] x X C R"!, the algebra of polynomials,
R[s, x|, is dense in C ([0, T] x X) and, consequently, in C?([0, T] x X).
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|
Polynomial Approximation

Stone—Weierstrass Theorem

Over the compact domain [0, T] x X C R"*!, the algebra of polynomials,
R[s, x|, is dense in C ([0, T] x X) and, consequently, in C?([0, T] x X).

Polynomial Approximation Theorem

V(to, x0) = sup{v(to,xo) cv e C3([0, T] x X),

Av+1>0, v—i<0, vT—L§0}
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|
Polynomial Approximation

Stone—Weierstrass Theorem

Over the compact domain [0, T] x X C R"*!, the algebra of polynomials,
R[s, x|, is dense in C ([0, T] x X) and, consequently, in C?([0, T] x X).

Polynomial Approximation Theorem

V(to, xg) = sup {v(to,xo) tv e R[t, x],

Av+1>0, v@—i<0, vT—L§0}

Putinar's Positivstellensatz
If w(x) € R[x] is strictly positive on X where
X :={xeR": hgé)(x) >0,i=1,---,m}
m

= w(x) = wO(x) + Y w(x) - i (x)

v
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Polynomial Approximation

Stone—Weierstrass Theorem

Over the compact domain [0, T] x X C R"!, the algebra of polynomials,
R[s,x], is dense in C ([0, T] x X) and, consequently, in C?([0, T] x X).

Polynomial Approximation Theorem

V(to, x0) = sup {v(to,xo) cv e R[t, x],

AV +1€ Qulbr,hx hu), €= v € Qulhr hx), L—vT € Qulhx)}

Putinar's Positivstellensatz
If w(x) € R[x] is strictly positive on X where
X :={xeR": hgé)(x) >0,i=1,---,m}
m

= w(x) = wO(x) + 3 w(x) - h (x)

v
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LQG Hybrid Optimal Control Problems
Hybrid Dynamics:

dxq, = (AgXq, + Bg ug,) dt + Gg,dw, t e[t tiz1), )
Hybrid Cost:
1 | Gt
2 2 2
J=3E ZO / g (OIZ, + Il g, (£) I, dt + lIxq, (217,
1= ti

Jump Transition Map:

Xq; (t.l) = \Uffjxqj—l (tj_) = wqj'aqj Xqj—1 (tJ_)

Switching Manifolds: )
Mg;_1q; (XQ/'—I (ti_)) = 5 (qu,'1 (ti_)Hiﬂquf fgilqi) =0,

Assumptions on Diffusions and Switching Manifolds:
GQk = \UQk—IQk GQk—N qufqu GQ/' =0 )
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N
Hybrid Optimal Control Solutions [in Preparation]

Optimal Feedback Input:
u, (£) = —Ry'B] (n (68 00 0+ 55 (65 (550 (50 ) ) )
y

Hybrid Stochastic Riccati Equations

Mg, = Mg, Bq Ry, B, Mg, — Mg, Ag, — Ag Mg, — La;,

s = = (A5~ Nq,Ba Ry BY ) sar

Mg, (tr) = Hq,,

sq (trite,xe) =0

Mo (56) = ¥E g (85 8 (520) ) ve,

S (Lt xq;_1) = "’Ijsqj (4 E (tjs1, xq;(t+1-))) P xq,_y) Me; Xq; 15

Oé(tj,xqul)lv2 T Btjx;_ )P T Wtyngy_y) = 0 )
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Example with Switching Manifold

Switching Manifold
X

%

X
9,

-0.5

1 ! tr 3 0 0
J=2E{/(uqo(t))2dt+/(uql(r))2dr+qu(rf)T 0 5 0 qu(tf)}
0O 0 2
to t1
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Hybrid LQG Example [Pakniyat, Caines, IFAC 2017]

Hybrid Dynamics:

31 s
. ﬂ ﬂ““‘“’w

3
q2: dxp = (§X2 + U2) dt + g2 dw,

with g1 =1, gg:\/§g1:\/§ o oT oz o3 o4 o5 o6 o7 o8 o5

Controlled Switching Jump Transition Map

X2 (ts) = \/EXI (ts_)

:

Hybrid Cost:
J (to, tr, ho, L; 1)

~&{3 / (G 02+ 5 0 1)) e ’ w S

. / (e a2 ) | T

0 o1 o0z o3 04 05 06 o7 o8 03 1
time (s)

1 2
+3 X600 ()
Ali Pakniyat (Georgia Tech) Stochastic Hybrid Optimal Control August 22, 2019 29 /33




Hybrid LQG Example [Pakniyat & Caines, IFAC 2017]

Ten sample paths for continuous states, adjoint processes, continuous inputs and
Hamiltonians in the example with tr =1 and xp = 2, and

“himes)

time (s)

g =01 g =012

* hm:;(S] B N
g=1g=2 g1=g=0

Ali Pakniyat (Georgia Tech) Stochastic Hybrid Optimal Control August 22, 2019 30/ 33



-
Generally Nonlinear: PDE-BSDE Duality (Feynman-Kac)

Partial Differential Equation (PDE)
Ve + %tr<g(t,x)g(f7X)TVx><) + VI (%) + h(t,x,V,g(t,x)" Vi) =0, (t,x) € [0, T] x X

V(T,x) = L(x), xeX

V(r, z) = (T, z), (r,z) €10, T] x X )

Backward Stochastic Differential Equation (BSDE)
dYs = —h(s, Xs, Ye, Zs) ds + Zsdws

Je(r X)), Xrex®
TT\L(Xy), T=T,X €X°

Feynman-Kac Representation
Yt = ]Et,x V(t, X)
Z; = Ei,g(t,x)" Vi(t,x)

4
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Summary

From Information (History) to State

@ Hybrid State
@ Hybrid Input

From Prediction to the Missing Component
@ The [Stochastic] Hybrid Minimum Principle: Adjoint Process
@ [Stochastic] Hybrid Dynamic Programming: Value Function

Derivation
@ Process—Process Duality
@ Measure—Function Duality

Computation and Implementation
@ Generally Nonlinear Dynamics and Costs

@ Linear Dynamics and Quadratic Costs

@ Polynomial Dynamics and Costs

v
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