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Control Policy Determination

time

t0 tf

Information at time t: Everything that has happened in [t0, t]

Prediction at time t: Everything that might happen in (t, tf ]

Control Policy =
{

Inputt , t ∈ [t0, tf ]
}

Closed-Loop Policy: Inputt = Function(t, Informationt , Predictiont)

Feedback Policy: Inputt = Function(t, Statet , (?)
t
)
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Insufficiency of Pure State Feedback
Stochastic Hybrid Dynamics

dxt =
(
Aq0

xt + Bq0
ut

)
dt + G dwt

dxt =
(
Aq1

xt + Bq1
ut

)
dt + G dwt

G =

 0
0
1



Switching Manifold

[
x

(1)
τ− x

(2)
τ− x

(3)
τ−

]  1 0 0
0 1 0
0 0 0




x
(1)
τ−
x

(2)
τ−
x

(3)
τ−

 = r2

x(τ−) ≡ xτ− := lim
t↑τ

xt

Optimal Input Structure

uot = Function(t, xt ,E
=t

u{τ},E
=t

u{xτ−})

For t ≥ τ the information of E
=t
{τ}, E

=t
{xτ−} are contained in the hybrid state ht ≡ (q1, xt).

For t < τ the values of E
=t
{τ} and E

=t
{xτ−} are parts of predictions.
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Presentation Outline

From Information (History) to State

Hybrid State

Hybrid Input

The Missing Component

Process–Process Duality: Adjoint Process (Minimum Principle)

Measure–Function Duality: Value Function (Dynamic Programming)

Computation and Implementation

Linear Dynamics and Quadratic Costs

Polynomial Dynamics and Costs

Generally Nonlinear Dynamics and Costs
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Part I

From History to the Notion of Hybrid State
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Flow of a Dynamic System

(State)t = Flow
(
t; t0, (State)t0 , [Input]tt0

)

Deterministic System

ht = ϕ
(
t; t0, ht0 , I

t
t0

)
= ϕ

(
t; s, ϕ

(
s; t0, ht0 , I

s
t0

)
, I ts
)

Stochastic System

(Ω,=,=t ,P) : Filtered Probability Space

P
(
ht ∈ Bh

∣∣ t0, ht0 , I
t
t0

)
=

∫
P
(
ht ∈ Bh

∣∣ s, hs , I ts )dP(hs ∣∣ t0, ht0 , I
s
t0

)
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The Notion of Hybrid State

ht =
[

qt
xt

]
, qt ∈ Q, |Q| <∞; xt ∈ Rnq

Discrete Dynamics - Finite Automata

0 1 2 3

σ01 σ12

σ20

σ23

σ31

Continuous Dynamics

Fix I , t, ht . Then for infinitesimal increment(s): dt (and dw):

dht = d

[
qt
xt

]
= ϕ (t; t0, ht0 , I ,w)− ϕ (t + dt; t0, ht0 , I ,w) =

[
0

fqt (xt , ut)dt + gqt (xt)dw

]

Hybrid Input

Discrete input σ interacts with (activates) the discrete state q updates.

Continuous input u interacts with the evolution of the continuous state x .
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Electric Vehicle with Dual Planetary Transmission

Vehicle and Battery
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Hybrid Input – Discrete Component

Dual Planetary Transmission [Patent US 9,702,438 B2]
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Hybrid Input – Discrete Component

Dual Planetary Transmission [Patent US 9,702,438 B2]
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Hybrid Input – Discrete Component

ẋ1= f1(x, u)

ẋtr= ftr (x, u)

ẋ2= f2(x, u)

σi+ωR = 0→σt−

σt+←ωS = 0σi−

Controlled (Free) Switching
Autonomous (Uncontrolled) Switching
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Stochastic Hybrid Systems

(
Ω,=,=t ,P

)
Continuous Dynamics:

dxqi (t) = fqi (xqi (t) , uqi (t)) dt + gqi (xqi (t)) dw , t ∈ [ti , ti+1)

Discrete Dynamics:
q
(
tj
)

= Γ
(
q
(
tj−
)
, xqj−1 (tj−), σqj−1qj

)
Switching Manifold and Jump Transition Map:

mqj−1qj

(
xqj−1

(
tj−
)) a.s.

= 0,

xqj
(
tj
)

= ξσqj−1qj

(
xqj−1

(
tj−
))
≡ ξσqj−1qj

(
lim
t↑tj

xqj−1 (t)

)

Assumptions on Diffusions:

gp
(
ξσq,p (x)

)
= ξσq,p (gq (x)) ,

〈gq (x) ,∇mq,p (x)〉 = 0
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Stochastic Hybrid Optimal Control Problem

Total Cost

J (t0, tf , h0, L; IL) := E

{
L∑

i=0

∫ ti+1

ti

lqi (xqi (s) , u (s)) ds

+
L∑

j=1

cσqj−1qj

(
tj , xqj−1 (tj−)

)
+ h (xqL (tf ))

}

Cost-to-Go

J
(
t, q, x , L−j+1; IL−j+1

)
= E
=t


∫ tj

t
lq (x , u) ds +

L∑
i=j

cσqi−1qi

(
ti , xqi−1 (ti−)

)

+
L∑
i=j

∫ ti+1

ti

lqi (xqi (s) , u (s)) ds + h (xqL (tf ))


Value Function

V (t, q, x , L− j + 1) = inf
IL−j+1

{
E
=t
{J (t, q, x , L− j + 1; IL−j+1)}

}
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Part II

Duality Relationships
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Process–Process Duality

Itô’s Lemma

dZ (t) = b (t) dt + σ (t) dw (t)

dẐ (t) = b̂ (t) dt + σ̂ (t) dw (t)

Then for τ2 ≥ τ1:〈
Z (τ2) , Ẑ (τ2)

〉
=
〈
Z (τ1) , Ẑ (τ1)

〉
+

∫ τ2

τ1

{〈
Z (s) , b̂ (s)

〉
+
〈
b (s) , Ẑ (s)

〉
+ 〈σ (s) , σ̂ (s)〉

}
ds

+

∫ τ2

τ1

{〈
σ (s) , Ẑ (s)

〉
+ 〈Z (s) , σ̂ (s)〉

}
dw (s)

Processes Z and Ẑ are adjoint pairs if

E
=t

〈
Z (τ2) , Ẑ (τ2)

〉
a.s.
= E
=t

〈
Z (τ1) , Ẑ (τ1)

〉
, t ∈ [t0,∞)
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〉
+ 〈σ (s) , σ̂ (s)〉

}
ds

+

∫ τ2

τ1

{〈
σ (s) , Ẑ (s)
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Process–Process Duality

Needle Variation

uε (s) =



uoq0
(s) if t0 ≤ s < t

v if t ≤ s < t + ε

uoq0
(s) if t + ε ≤ s < τ − δε

uoq1
(τ) if τ − δε ≤ s < τ

uoq1
(s) if τ ≤ s ≤ tf

.

y (s) := lim
ε→0

xεqi (s)− xoqi (s)

ε

y (τ)
a.s.
= ∇ξy (τ−) +

∇mT y (τ−)

∇mT fq0

(
fq1 −∇ξfq0

)
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Process–Process Duality

Duality of (zs , ys) and (1, λs) in the Stochastic Minimum Principle

d

[
zs
ys

]
=

 ∂lqi (x
o
s ,u

o
s )

∂xs
ys

∂fqi (x
o
s ,u

o
s )

∂xs
ys

 ds +

[
0

∂gqi (x
o
s )

∂xs
ys

]
dw

d

[
1
λs

]
=

 0

− ∂lqi (x
o
s ,u

o
s )

∂xs
−
[
∂fqi (x

o
s ,u

o
s )

∂xs

]T
λs

 ds +

[
0
Ks

]
dw

(zs , ys) are forward linear processes resulted from variations around optimal processes

(1, λs) are backward linear processes, adjoint to the future values of (zs , ys) by

E
=t

[
zτ2 + 〈yτ2 , λτ2〉

]
= E
=t

[
zτ1 + 〈yτ1 , λτ1〉

]
In particular, the positivity of cost variations over the cone of variations
(zs , ys) translates into those on Hamiltonian functions in (1, λs)
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Stochastic Hybrid Minimum Principle (SHMP) [CDC 2016]

Hq (xq , uq , λq ,Kq) := lq (xq , uq) + λTq fq (xq , uq) + tr
[
KT
q gq (xq)

]

Hamiltonian Minimization
uo
t = arg inf

uq(t)∈Uqt

Hqt

(
xo
q (t), uq(t), λo

q(t),K o
q (t)

)
Hamiltonian Canonical Equations

dxq
o =

∂Hqo

∂λq

(
xo
q , u

o
q , λ

o
q ,K

o
q

)
dt +

∂Hqo

∂Kq

(
xo
q , u

o
q , λ

o
q ,K

o
q

)
dw ,

dλq
o = −∂Hqo

∂xq

(
xo
q , u

o
q , λ

o
q ,K

o
q

)
dt + K o

q dw ,

State Boundary Conditions

xo
q0

(t0) = x0, xo
qj (tj)

a.s.
= ξσqj−1,qj

(
xo
qj−1

(tj−)
)

Adjoint State Boundary Conditions

λo
qL (tf )

a.s.
=

∂h
(
xo
qL(tf )

)
∂xqL

, λo
qj−1

(tj)
a.s.
=

[
∂ξσqj−1,qj

∂xqj−1

]T
λo
qj (tj+)+p

∂mqj−1,qj

∂xqj−1

+
∂cσqj−1,qj

∂xqj−1

Hamiltonian Boundary Conditions

Hqj−1 − tr
[
K o

qj−1

Tgqj−1

]∣∣∣
tj−

= Hqj − tr
[
K o

qj
Tgqj

]∣∣∣
tj+
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Killed Markov Processes [CDC 2019 (accepted)]

time

0 t s T

Dynamics (Itô differential equation)

dxs = f (xs , us) ds + g(xs)dws , x ∈ X 0

dxs = 0 ds + 0 dws , x ∈ X ∂

First Arrival Time θ on the Boundary X ∂

xθ− ≡ xθ ∈ X ∂

Total Cost

J (t, x ,u) = Eu
t,x

{∫ min{θ,T}

t
l (xs , us) ds

+ I[t,T )(θ) · ` (θ, xθ) + Ic[t,T )(θ) · L (xT )

}
,
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Occupation Measures

Input-State-Time Occupation Measure

µu (Bt ,B
0
x ,Bu

)
:= Eu

t,x

∫
Bt∩[t,T )

IB0
x
(xs) · IBu(us) ds,

Switching State-Time Occupation Measure

ηu
(
Bt ,B

∂
x

)
:= Pu

t,x

(
I[t,T )∩Bt

(θ) = 1 , xu
θ− ∈ B∂x

)
,

Terminal State Occupation Measure

κu (Bx) := Pu
t,x

(
I[t,T )(θ) = 0 , xu

T ∈ Bx

)
.

Defining MS := {(µu , ηu , κu) : u ∈ U} we obtain:

V (t, x) = inf
(µu ,ηu ,κu)∈MS

{〈〈〈
l , µu〉〉〉+

〈〈〈
`, ηu〉〉〉+

〈〈〈
L, κu〉〉〉}
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Reformulation

Infinitesimal Operator

Ayv (t, x) =
∂v (t, x)

∂t
+

〈
f (x , y) ,

∂v (t, x)

∂x

〉
+

1

2
tr

(
gTg

∂2v (t, x)

∂x2

)

Dynkin Formula

Eu
t,xv (τ, xτ ) = Eu

t,x

{
I[t,T )(θ) · v (θ, xθ) + Ic[t,T )(θ) · v (T , xT )

}
= v (t, x) + Eu

t,x

∫ min{θ,T}

t
Ausv (s, xs) ds

Defining the adjoint A∗ to be one satisfying
〈〈〈
Av , µ

〉〉〉
=
〈〈〈
v ,A∗µ

〉〉〉
we obtain

ηu + κu = δt,x +A∗µu
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Weak Problem

A Convex Subset of Signed Measures

Define MW :=MPB ∩MA, with

MPB :=
{
M ≡ (µ, η, κ) ∈M+ ([0,T ]× X × U) : ‖M‖ ≤ T − t + 1

}
MA :=

{
M ≡ (µ, η, κ) ∈M± ([0,T ]× X × U) : η + κ = δt,x +A∗µ

}

Weak Problem

W (t, x) := min
M∈MW

〈〈〈
l , µ
〉〉〉

+
〈〈〈
`, η
〉〉〉

+
〈〈〈
L, κ
〉〉〉
≤ V (t, x)

Dual Problem

W (t, x) = sup
{
v (t, x) : v ∈ C 2 ([0,T ]× X ) ,

Av + l ≥ 0, v∂ − ` ≤ 0, vT − L ≤ 0
}
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Equivalence of the Strong and Weak Problems

W (t, x) = min
M∈M±([0,T ]×X×U)

h1

(
M
)
− h2

(
M
)

h1

(
M
)

:=

{〈〈〈
l , µ
〉〉〉

+
〈〈〈
`, η
〉〉〉

+
〈〈〈
L, κ
〉〉〉

if M ≡ (µ, η, κ) ∈MPB

+∞ otherwise

h2

(
M
)

:=

{
0 if M ≡ (µ, η, κ) ∈MA
−∞ otherwise

Legendre-Fenchel Transform

h∗1
(
c
)

:= sup
M∈MPB

{〈〈〈
c0, µ

〉〉〉
+
〈〈〈
c∂ , η

〉〉〉
+
〈〈〈
cT , κ

〉〉〉
−
〈〈〈
l , µ
〉〉〉

+
〈〈〈
`, η
〉〉〉

+
〈〈〈
L, κ
〉〉〉}

h∗2
(
c
)

:= inf
M∈MA

{〈〈〈
c0, µ

〉〉〉
+
〈〈〈
c∂ , η

〉〉〉
+
〈〈〈
cT , κ

〉〉〉}
=


limi→∞ vi (t, x) if


c0 = − limi→∞Avi
c∂ = limi→∞ v∂i
cT = limi→∞ vT

i

−∞ otherwise
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Part III

Numerical Algorithms
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Polynomial Approximation

Stone–Weierstrass Theorem

Over the compact domain [0,T ]× X ⊂ Rn+1, the algebra of polynomials,
R
[
s, x
]
, is dense in C ([0,T ]× X ) and, consequently, in C 2 ([0,T ]× X ).

Polynomial Approximation Theorem

Putinar’s Positivstellensatz

If w(x) ∈ R[x ] is strictly positive on X where

X := {x ∈ Rn : h
(i)
X (x) ≥ 0, i = 1, · · · ,m}

⇒ w(x) = w (0)(x) +
m∑
i=1

w (i)(x) · h(i)
X (x)
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Polynomial Approximation

Stone–Weierstrass Theorem

Over the compact domain [0,T ]× X ⊂ Rn+1, the algebra of polynomials,
R
[
s, x
]
, is dense in C ([0,T ]× X ) and, consequently, in C 2 ([0,T ]× X ).

Polynomial Approximation Theorem

V (t0, x0) = sup
{
v (t0, x0) : v ∈ R[t, x ],

Av + l ∈ Q2k(hT , hX , hU), `− v∂ ∈ Q2k(hT , hX ), L− vT ∈ Q2k(hX )
}

Putinar’s Positivstellensatz

If w(x) ∈ R[x ] is strictly positive on X where

X := {x ∈ Rn : h
(i)
X (x) ≥ 0, i = 1, · · · ,m}

⇒ w(x) = w (0)(x) +
m∑
i=1

w (i)(x) · h(i)
X (x)
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LQG Hybrid Optimal Control Problems

Hybrid Dynamics:

dxqi = (Aqi xqi + Bqiuqi ) dt + Gqidw , t ∈ [ti , ti+1) ,

Hybrid Cost:

J =
1

2
E


L∑

i=0

ti+1∫
ti

‖xqi (t)‖2
Lqi

+ ‖uqi (t)‖2
Rqi

dt + ‖xqL (tf )‖2
HqL


Jump Transition Map:

xqj (tj) = Ψσj xqj−1 (tj−) ≡ Ψqj−1qj xqj−1 (tj−)

Switching Manifolds:

mqi−1qi

(
xqi−1 (ti−)

)
≡ 1

2

(∥∥xqi−1 (ti−)
∥∥2

Mqi−1qi

− r2
qi−1qi

)
= 0,

Assumptions on Diffusions and Switching Manifolds:
Gqk = Ψqk−1qkGqk−1

, Mqi−1qiGqi = 0
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Hybrid Optimal Control Solutions [In Preparation]

Optimal Feedback Input:

uo
qi (t) = −R−1

qi BT
qi

(
Πqi

(
t; E
=t

(ti+1)

)
xqi (t) + sqi

(
t; E
=t

(
ti+1, xqi (ti+1−)

)))

Hybrid Stochastic Riccati Equations

Π̇qi = ΠqiBqiR
−1
qi

Bqi Πqi − ΠqiAqi − AT
qi

Πqi − Lqi ,

ṡqi = −
(
AT
qi
− ΠqiBqiR

−1
qi

BT
qi

)
sqi ,

ΠqL (tf ) = HqL ,

sqL (tf ; tf , xf ) = 0

Πqj−1

(
tj ; tj

)
= ΨT

σj
Πqj

(
tj ; E
=tj

(
tj+1

))
Ψσj

sqj−1

(
tj ; tj , xqj−1

)
= ΨT

σj
sqj
(
tj ;E

(
tj+1, xqj (tj+1−)

))
+ p(tj ,xqj−1

) Mσj xqj−1 ,

α(tj ,xqj−1
)p

2 + β(tj ,xqj−1
)p + γ(tj ,xqj−1

) = 0.
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Example with Switching Manifold

dx =

 0 1 0
−1 2 1
0 1 1

 x +

 0
1
1

 u

 dt +

 0
0
1

 dw

dx =

 0 1 0
−1 −2 0
0 0 1

 x +

 0
1
1

 u

 dt+

 0
0
1

 dw

J =
1

2
E

{ t1∫
t0

(uq0 (t))2 dt +

tf∫
t1

(uq1 (t))2 dt + xq1 (tf )T

 3 0 0
0 5 0
0 0 2

 xq1 (tf )

}
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Hybrid LQG Example [Pakniyat, Caines, IFAC 2017]

Hybrid Dynamics:

q1 : dx1 =

(
31

16
x1 + u1

)
dt + g1dw ,

q2 : dx2 =

(
3

8
x2 + u2

)
dt + g2 dw ,

with g1 = 1, g2 =
√

2g1 =
√

2

Controlled Switching Jump Transition Map

x2 (ts) =
√

2 x1 (ts−)

Hybrid Cost:

J (t0, tf , h0, L; IL)

= E
{

1

2

∫ ts

t0

(
(u1 (t))2 +

1

2
(x1 (t))2

)
dt

+
1

2

∫ tf

ts

(
(u2 (t))2 +

1

4
(x2 (t))2

)
dt

+
1

2
× 6 (x2 (tf ))2

}
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Hybrid LQG Example [Pakniyat & Caines, IFAC 2017]

Ten sample paths for continuous states, adjoint processes, continuous inputs and
Hamiltonians in the example with tf = 1 and x0 = 2, and
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Generally Nonlinear: PDE–BSDE Duality (Feynman-Kac)

Partial Differential Equation (PDE)

Vt +
1

2
tr
(
g(t, x)g(t, x)TVxx

)
+ VT

x f (t, x) + h(t, x ,V , g(t, x)TVx ) = 0, (t, x) ∈ [0,T ]× X

V (T , x) = L(x), x ∈ X

V (τ, z) = `(τ, z), (τ, z) ∈ [0,T ]× X∂

Backward Stochastic Differential Equation (BSDE)

dYs = −h (s,Xs ,Ys ,Zs) ds + Zsdws

Yτ =

{
` (τ,Xτ ) , Xτ ∈ X∂

L (XT ) , τ = T ,Xτ ∈ X 0

Feynman-Kac Representation

Yt = Et,xV (t, x)

Zt = Et,xg(t, x)TVx(t, x)
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Summary

From Information (History) to State

Hybrid State

Hybrid Input

From Prediction to the Missing Component

The [Stochastic] Hybrid Minimum Principle: Adjoint Process

[Stochastic] Hybrid Dynamic Programming: Value Function

Derivation

Process–Process Duality

Measure–Function Duality

Computation and Implementation

Generally Nonlinear Dynamics and Costs

Linear Dynamics and Quadratic Costs

Polynomial Dynamics and Costs
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